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Abstract 

The paper is concerned with a system of two coupled time-independent Gross- 
Pitaevskii equations in which is used to model two-component Bose-Einstein 
condensates with both attractive intraspecies and attractive interspecies interac¬ 
tions. This system is essentially an eigenvalue problem of a stationary nonlinear 
Schrodinger system in solutions of the problem are obtained by seeking mini- 
mizers of the associated variational functional with constrained mass (i.e. norm 
constaints). Under certain type of trapping potentials Vi(x) (i = 1,2), the existence, 
non-existence and uniqueness of this kind of solutions are studied. Moreover, by 
establishing some delicate energy estimates, we show that each component of the 
solutions blows up at the same point (i.e., one of the global minima of Vi{x)) when 
the total interaction strength of intraspecies and interspecies goes to a critical value. 
An optimal blowing up rate for the solutions of the system is also given. 


Keywords: Schrodinger equations; Gross-Pitaevskii equation; elliptic systems; constrained 
minimization; blow up. 
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1 Introduction 

In this paper, we study the following system of two coupled time-independent Gross- 
Pitaevskii equations: 

(-Aui + Vi{x)ui=fiiUi + biul + (3ului in 
I -Au 2 -b V 2 {x)u 2 = H 2 U 2 + ^ 2^2 + Pu‘lu 2 in 

The system (|l.ip arises in describing two-component Bose-Einstein condensates (BEG), 
where iViix),V 2 {x)) is a certain type of trapping potentials, {fii,iJ. 2 ) G M x M is the 
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chemical potential, bi {i = 1, 2) and (5 are the interaction strength of cold atoms in¬ 
side each component (i.e. intraspecies) and between two components (i.e. interspecies), 
respectively. Here 6^ > 0 (or /3 > 0) represents the intraspecies (or interspecies) in¬ 
teraction is attractive, otherwise, it is repulsive. Much attention has been paid to the 
experimental studies of BECs since the BEC phenomena were successfully observed in 
1995 in the pioneering experiments mm- After that various BEC phenomena are 
observed in BEC experiments such as the symmetry breaking, the collapse, the appear¬ 
ance of quantized vortices in rotating traps, the phase segregation, etc., which inspired 
the theoretical investigation on BECs, specially on the Gross-Pitaevskii equations-the 
fundamental model of describing the BEC. Multiple-component BECs can display more 
interesting phenomena absent in single-component BEC. In the past decade, under vari¬ 
ant conditions on Vi{x), bi and j3, the analogues of (|l.ll) have been investigated widely, 
see e.g. [H EJ (U EOl El ESI EHl [Ml [251 [29l EH EH ESI Ho] and the references therein. In 
these mentioned papers, the authors are concerned with either the semiclassical states 
of the system (i.e. replacing —A by —eA in (|I.ip i [Ml ESI EH ESI ET] . or the problem 
(EU) with Vi{x) being constants (SHHEHEZlES] , or the problem (|l.ll) in repulsive cases 
[H El EH [Ml EH, etc. The results in these papers are mainly on studying the existence of 
positive solutions for small e > 0, the location of the maximum point of the solutions and 
the behavior of the solutions with respect to e —)• 0 or the coupling parameter tends to 
infinity. To the authors’ knowledge, there seems few results concerning the blowing-up 
analysis on the normalized solutions of (II.ip with bi > 0. 

In this paper, we are interested in dealing with the blowing-up properties of solutions 
for system (EU) with both attractive intraspecies and interspecies interactions, that is, 
bi > 0 and f3 > 0 (totally attractive case). We leave the case of the attractive intraspecies 
(i.e. bi > 0) and the repulsive interspecies (i.e. /3 < 0) to the companion work [T7]. The 
case of repulsive intraspecies and interspecies interactions was studied recently in [241 [33] 
and the references therein. When 5* > 0 and /? > 0, as mentioned in [33], EED is cer¬ 
tainly a very different problem because the energy functional may not be bounded from 
below. In totally attractive case, we may expect from the single component BEC, see 
e.g., miElES], that the collapse still happens if the particle number increases beyond 
a critical value. In addition to the intraspecies interaction among atoms in each compo¬ 
nent, there exist interspecies interactions among the components for multiple-component 
BECs. Therefore, multiple-component BECs present more complicated characters than 
single component BEC, and the corresponding analytic investigations are more challeng¬ 
ing. 

It is well-known that the system E3D can be obtained from the associated time 
dependent nonlinear Schrodinger equations if one seeks for the following type standing- 
wave solutions 

{'ipi{x,t),'ip 2 ix,t)) = {ui{x)e~^^^^,U 2 ix)e~^'^^^), where =-1. 

EH) is essentially an eigenvalue problem of a system of two stationary nonlinear Schrodinger 
equations, which is also the system of Euler-Lagrange equations (^i, /r 2 are the Lagrange 
multipliers) of the following constrained minimization problem, 

e{bi,b2,l3) := inf ^ 2 ), (1-2) 

{(•Ul ^U2)£M.} 
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where M. is the so-called mass constraint 


M. = \ {ui,U2) £ X ■ / \ui\‘^dx = / \u2\^dx = l\ 

^ JR2 JR2 1 

and X = T-Li x 'H 2 with 
ni = 


[ Vi{x)\u{x)\‘^dx < oo\, 

yR 2 ^ 


|Vn|^-I-hi(x)|n(x)|^ dxj, where i = 1, 2. 
The energy functional Ei,-^^h^^i^{ui,U 2 ) is given by 

Ebj^^b2,/3iui,U2) = ^y ^ + Vi{x)\ui\‘^ - -^Iml'^'^dx 

— (3 \ui\‘^\U 2 \‘^dx , {ui,U 2 )&X. 

JR2 


(1.3) 


(1.4) 


(1.5) 


In this paper, we only interested in the solutions of (jl.lj) with constrained mass, that 
is, the minimizers of (|1.2n . We mention that, different from the single component mini¬ 
mization problem (see, e.g. m), in the two-component case it seems not clear whether 
a minimizer of (II.2p is a ground state of (jl.ip . But we know that if (tti,tt 2 ) is a mini- 
mizer of (II.2h . then (mi,M 2 ) is a positive solution of (II.ip for some Lagrange multiplier 
{^1,^2) G K X M. In this paper, Vi{x) are trapping potentials of the following type 


Vi{x) G L“^(M^), lim Vi{x) = 00 and inf Vi{x) =0, i = 1, 2. 

|a;|—>-oo a;gR 2 


( 1 . 6 ) 


Throughout the paper, we assume that both inf 3 ,g]jj 2 (Vi(x)-|-V 2 (x)) and inf 3 ,gR 2 Vi{x) 
are attained. Since problem (|1.2I1 is invariant by adding suitable constants to Vi(x) and 
we may simply assume that inf 3 ,gR 2 Vi{x) = 0. Moreover, in what follows we assume that 
bi > 0 {i = 1, 2) and /3 > 0, and denote the norm of LP(M^) by || • ||p for p G (1, 00 ). 

We study problem (II.2h which is motivated by the recent works [U [HI [TH [16], etc., 
where the following single component minimization problem was investigated: 


eho) := inf El(u), a > 0, 
{u^nu\\u\\i=i} 


(1.7) 


and the energy functional El^{u) satisfies 

El^{u) := f {jVu{x)\‘^ + Vi{x)\u{x)\‘^)dx — ^ f \u{x)\‘^dx, i = 1 or 2. (1.8) 

JR 2 2 7 r 2 

Actually, it was proved in mm that (|1.7I) admits minimizers if and only if 0 < a < 
a* := IIQII 2 , where Q = Q(|x|) > 0 denotes the unique positive solution of the following 
nonlinear scalar field equation 


— Au + u — = 0 in where tt G 77^(K^). (1.9) 


3 




On the other hand, the following Gagliardo-Nirenberg inequality was shown in [39] that 


[ \u{x)\*dx < [ \Vu{x)fdx [ 

Jm.2 11^112 Jr2 Jm.2 

where the identity is achieved at u{x) = Q{\x\). 
satisfies 


f \VQ\‘^dx = f Q^dx 

JR2 JM? 

see also Lemma 8.1.2 in [ 8 |. Moreover, we have 


\u{x)\^dx, u G (1-10) 

One can note from (jl.911 that Q(|x|) 

= 11 Q^dx, ( 1 . 11 ) 

2 Jr2 


Q{x), \'VQ{x)\ = 0{\x\ 2 e 1^1) as |x| ^ oo, (1-12) 


see m Proposition 4.1] for more details. 

We now introduce briefly the main results of the present paper. Our first result is 
concerned with the following existence and nonexistence of minimizers for (| 1 . 2 p . 

Theorem 1.1. Let Q be the unique positive radial solution of and a* = ||Q|| 2 - If 
Vi{x) satisfies for i = 1, 2. Then, 

(i). When 0 < 6 i < a*, 0 < 62 < a* and jd < \J (a* — bi){a* — 62 ); problem il.Wl has at 
least one minimizer. 


(ii). Either bi > a* or 62 > o* or fi > 2 ^^ + (El has no minimizer. 

In order to prove Theorem ll.il in Section 2 we introduce the following minimization 
problem 


0{b,,b2,l3) := 


inf 

[ u, € ir'-(K 2 ) 

1 ikiiii = i, 


_/R2(|VmP + |VM2p)dx_ 

i=i, 2 } ^/r 2 + \u2\'^dx +/3 f^^ \ui\^\u2\^dx' 


(1.13) 


We shall prove in Proposition 12.11 that if 0{hi,h2, jd) > 1, then there exists at least one 
minimizer for (jl.2l] . However, if 0(bi,b2, /d) < 1, then there is no minimizer for (II.2p . 
Therefore, by Proposition l2.ll to establish Theorem II.H it suffices to evaluate 0{bi, b 2 , fd), 
depending on the range of {bi,b 2 , fd). On the other hand, as shown in Lemma A.2 of the 
appendix. Theorem 1.1 can be proved alternatively by applying directly the Gagliardo- 
Nirenberg inequality (jl.lOp and some recaling techniques. We remark that some results 
similar to Theorem 11.11 were also proved in jS] Theorem 2.6] by this kind of ideas. 

Theorem 11.11 gives a complete classification of the existence and nonexistence of 
minimizers for ( 11 . 211 . except that {bi,b 2 ,ld) satisfies 


* A * A 

0 < 61 < a*, 0 < 62 < a* and fd G {a* - bi){a* - 62 ), —^— - + —^— -] ■ (1-14) 

When {bi,b 2 ,fd) satisfies (|1.14p . in general it is difficult to evaluate 0{bi,b2, fd) so that 
one cannot employ directly Proposition 12.11 to discuss the existence of minimizers for 
Therefore, some new ideas are needed to address this case. Under some addi¬ 
tional assumptions on {bi,b 2 ,fd), in this paper we shall derive the following existence 
and nonexistence of minimizers for (II.2p . 


4 




















Theorem 1.2. Under condition and let inf (Vi(x) + V2(x)) he attained. //0 < 

6 i / 62 < CL* satisfies additionally 


|6i - 62I < 2^(a* - bi){a* - 62), 

f/ien f/iere exists (5 = J(6i, 62) G (-^(a* — 61)(a* — 62), gn(.}i 

for any fi G [\/(«* “ “ ^2), <^(^1, ^2)), 


( 1 . 15 ) 


there exists at least one minimizer for 

Theorem 1.3. Suppose VAx) (i = 1 , 2 ) satisfies il.6\} and assume inf iViix) + V2(x)) 
is attained. If 0 < bi = b 2 < a* and /3 > 0 satisfy il.l4\ )- Then 

(i) Problem /ll.S\) has no minimizer if inf {V\{x) + V 2 {x)\ = 0 . 

a;GR2 

(ii) Problem /li.g|) has at least one minimizer if 


e{a* — 13,0* — (3, (3) < inf (Vi(x) + V2(x)). 


We mention that, for 61 = 62 G (0, a*), condition (11.1411 implies (3 = a* — hi = a* — 62 , 
then the point {bi,b2,l3) must be located on the segment (a* — (3,a* — 13,13) with fi G 
(0,a*). 

In view of Theorems II.II to II.31 the existence and nonexistence of minimizers for ()1.2I1 
still remain open for the case where 0 < 61 7 ^ 62 < a* and /3 > 0 is close to from 

below. By applying Proposition 12.11 we shall derive Theorem 11.21 through establishing 
the estimate 0 ( 61 , 62 ,/?) > 1 under the additional assumption (jl.l5p . As for the case 
where 0 < 61 = 62 < a*, it follows from ( 12 . 2 p that 0{a* — (3,a* — /3,f3) = 1, and we 
shall give the proof of Theorem 11.31 (ii) by applying Ekeland’s variational principle m 
Theorem 5.1]. 

The proof of Lemma IA.2I in the appendix implies that the following relationship 
always holds 

0 <e(a*-/?, a*-/?,/?) < inf (Vi{x) + V 2 {x)). (1.16) 

a;gR2 

In particular, the second inequality in (|1.16p can be strict for certain potentials Vfix) 
and V 2 (x). Here is an example: 

Example 1.1. For any given points xi and X 2 in satisfying |xi — X 2 I >4, consider 
the function 0 < (i(x) G CQ(Bi(xi)) satisfying HCilb = 1, where z = 1, 2, and define a 
positive constant by 


c'c:= 



-/3 f |CiP|C2pda; < 00. 
^ c Jr2 


Let 0 < Vi(x} G (//^(M^;!^) satisfy Vfix) = 0 in Bi{xi) and Vfix) > 2Cq in B^ixi) as well 
as lim|2,|_^oo Vi{x) = 00, where z = 1, 2. One can check that 

e{a* -(3,0*- /?,/?) < < 2C^ < inf (Pi(x) + V 2 {x)). 

x£M.^ 
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Example 11.11 and Theorem 11.31 (ii) show us that for any fixed 0 < /? < a*, there 
exists at least one minimizer of dm) at ( 61 , 62 ) = (a* — /?, a* — /?) for some suitable 
potentials Vi(x) and V 2 (x). On the other hand, Theorem 11.31 (il gives the non-existence 
of minimizers for (| 1 . 2 p at ( 61 , 62 ) = (a* — f3, a* — (3) and 0 < /3 < a* for the case where 
infj,gR 2 [Vi{x) + V 2 (x)) = 0 is attained. 

Without loss of generality, in the follows one may restrict the minimization of (II.2p 
to non-negative vector functions ( 111 , 112 ), since Eh^^b^^is{ui,U 2 ) > Eb^^b2,i3i\ui\,\u2\) for 
any ( 111 , 112 ) G T”, due to the fact that V|iii| < |Viij| a.e. in (i = 1, 2). We next 
discuss the uniqueness of non-negative minimizers for (II.2p . Our recent results in [14p fT 6 ] 
show that the single component minimization problem (II.7p has a unique non-negative 
minimizer when the parameter a > 0 is suitably small, and however there may exist 
multiple non-negative minimizers for (II.7p as a a* under some classes of trapping 
potentials. We shall prove in Section 4 that a similar uniqueness result also holds for 
(jl. 2 p if 1 ( 61 , 62 ,/?)I is suitably small. 

Theorem 1.4. If V)(x) satisfies M.Oi) for i = 1 and 2, then admits a unique 

non-negative minimizer if |( 6 i, 62 ,/ 3 )| is suitably small. 

A similar result on uniqueness for the single component problem (|1.7p was proved 
in [21 I2H] by using the contracting map. However, this method seems not work for 
our problem. In this paper, we prove Theorem 11.41 by employing an implicit function 
theorem. 

For any hxed 0 < /? < a*, we hnally focus on the limit behavior of the minimizers 
for ( 11 . 21 ) as ( 61 , 62 ) ^ (a* — /3,o* — /?), i.e., (61 -|- /?, 62 -|- /?) (a*, a*) in the case that 
there is no minimizer for ()1.2p at the threshold ( 61 , 62 ) = (a* — fi, a* — (5). In view of 
Theorem 11.31 (i), we shall consider the special case where inf (Ti(x) -|- V 2 (x)) = 0, i.e., 

the minima of Vi{x) coincide with those of V 2 (x). More precisely, we assume that for 
Vi(x) (i = 1, 2) takes the form of 

rii 

Vi(x) = hfix) TT |x — with C < hAx) < 1/C in 

7=1 (1-17) 

and hi{x) G ^"(.(R^) for some a G (0,1), 

where n* G N, pij > 0, Xik Xij for k j, and lim hi{x) exists for all 1 < j < n,. 

X^Xij 

Without loss of generality, we also assume that there exists 1 < / < min{ni,n 2 } such 
that 


xij = X2j, where j = 1,... ,1; 
xij.^ X2j2, where jj G {/ -|- 1,... nfi/ and i = 1 , 2 . 

Note that (ll.lSp implies 

A := {x G R^ : l/i(a:) = V2{x) = O} = {xii,xi2, • • • ,xii}. 

Define 

pj := mm{pij,p 2 j}, j = l,...,l; po := maxmm{pij,p 2 j} = max pj, 


(1.18) 


(1.19) 


( 1 . 20 ) 
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so that 


( 1 . 21 ) 


A := [xij : pj =po,j = C A. 

Let 7 j G (0, oo] be given by 


7i := 


lim 

X^X\j 


Vi{x) + V 2 {x) 
\x — Xlj\PO ’ 


l<j<l 


( 1 . 22 ) 


Note that 7 j < oo if and only if xij € A, where 1 < j < I- Finally, define 7 = 
min { 71 ,..., 7 ;| so that the set 

Z ;= {xij : 7j = 7: ^ < j < l} C A (1.23) 


denotes the locations of the flattest global minima of Vi{x) + V 2 {x). Using above nota¬ 
tions, our main results can be stated as follows. 


Theorem 1 . 5 . Assume that 0 < /3 < a* and Vi{x) satisfies for i = 1 , 2 . 

Let {ubi,Ub^) be a non-negative minimizer of as (61,62) (o* ~ / 3 ,a* — fi)- Then, 

for any sequence {(61^,62^)} satisfying (61^,62?;) (a* — fi, a* — fi) as k ^ 00, there 

exists a subsequence 0/{(61^, 62^)}, still denoted by {(61^,62^)}, such that, fori = 1, 2, 

k - _ 

each Ub^^ has a unique global maximum point Xik xq for some xq ^ Z and 

lim - \^ik-xo\ -- ^ ^^ 24 ) 

k^oo po +2 

Moreoverj for z = 1 , 2 , 


lim ( a* — 
k^oo 


6ifc + b 2 k + 2/3 \ pq+2 / / * bik + b 2 k + 


A 




strongly in where A > 0 is given by 


A = 


P 07 

4 


[ \x\P°Q^{x)dx 


1 

PO+2 


( 1 . 25 ) 


for po > 0 and 7 > 0 defined in \ 1 . 2 U\} and M. 2 d\) . respectively. 

Theorems 11.41 and 11.51 imply that the symmetry breaking occurs in the minimizers of 
(na). Actually, consider the trapping potentials Ui and V 2 of the form 


i 

Vi{x) = V 2 {x) = '^\x-Xjf’, p > 0, 

i=i 

where the points Xj with j = 1, • • • ,l are arranged on the vortices of a regular polygon. 
Then there exist 0 < a* < a** < a* such that for 0 < 6j -|- /3 < a* (i = 1 and 2), 
the functional (II.2p has a unique non-negative minimizer by Theorem 11.41 which has 
the same symmetry as that of Ui(x) = V 2 (x). However, when a** < bi -\- (5 < a* 
(i = 1, 2), we obtain from Theorem 11.51 that (|1.2p possesses (at least) I different non¬ 
negative minimizers, and both components of the minimizers concentrate at a zero point 
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of Vi{x) = V 2 (x), which imply the symmetry breaking. We note that the symmetry 
breaking bifurcation of ground states for single nonlinear Schrodinger/Gross-Pitaevskii 
equations has been studied in detail in the literature, see, e.g., [201 [221123]. 

This paper is organized as follows: in Section 2 we first derive the crucial Proposition 
12 . li on the auxiliary minimization problem 0 (&i, b 2 ,13), based on which we then complete 
the proof of Theorem 11.11 In Section 3 we focus on the proof of Theorems 11.21 and 11.31 
More exactly, we first use Proposition 12.II to prove Theorem ll.21 and Theorem ll.3l is then 
proved by applying Ekeland’s variational principle. Theorem ll.4l is then proved in Section 
4 to address the uniqueness of nonnegative minimizers for (II.2p as |( 6 i, b 2 , f3)\ is suitably 
small. In Section 5 we shall establish Proposition 15.11 on optimal energy estimates of 
minimizers, upon which we finally complete in Section 6 the proof of Theorem 11.51 In 
the appendix, we give an alternative proof of Theorem 11.11 and prove a lemma as well 
which is used in Section 2. 


2 Existence of Minimizers 

In this section, we address the proof of Theorem 1 1.1 1 on the existence of minimizers. We 
start with introducing the following auxiliary minimization problem 


0{b,M,P) := 


inf 


/r2(|Vui|2 + \S/U 2 ?)dx 


{ a t/r 2 |ui|'‘da: +f+ luiPluaPda; 

L \\ui\\i = 1, ’ J 


■ ( 2 . 1 ) 


By analyzing (12.11) . our first aim is to derive the following proposition, which gives a 
criteria on the existence of minimizers for (| 1 . 2 I) based on the value of 0{bi,b2,13). 

Proposition 2.1. Suppose that m.6\) holds. Let bi, 62 and /3 be positive. Then 

(i) (El) has at least one minimizer if 0 {bi,b 2 , fd) > 1 . 

(ii) (El) has no minimizer if 0{bi,b2, /3) < 1. 

To establish Proposition 12.11 we need the following compactness lemma. 

Lemma 2.1. Suppose V) G satisfies \mi\^^\^^Vi{x) = 00 , where i = l,2. Then 

the embedding X = Tii x ^2 ^ x is compact for all 2 < q < 00 . 

Since Lemma ED can be proved in a similar way to that of [321 Theorem XIII.67] or 
O Theorem 2.1], we omit the proof. □ 

Lemma 2.2. Let O(-) be defined by Ii2.1\) . then 0{-) is locally Lipschitz continuous in 


Proof. We first prove that 


max{ 6 i + /3, 62 + fi} 


<0{bi,b2,/3) < 


2a* 


bi + b2 + 2/3 


( 2 . 2 ) 


Indeed, the upper bound of ( 12 . 2 |) follows directly by taking (-^Ij) '^fj) ^ function 

of (|2.ip . On the other hand, for any (ui,U 2 ) G LI^(M^) x IL^(R^) satisfying \ui\‘^dx = 







l,i = 1, 2, it then follows from the Gagliardo-Nirenberg inequality (|1.10p that 

_/R2(|VmP + \Vu2\^)dx _ 

Y Ir' 2 ^ j^2\u2\^dx + j3 J^2\ui\'^\u2\‘^dx 


> 




> 


j^ 2 \ui\^dx+ J^ 2 \u 2 \^dx max{ 6 i + 62 + ^} 


which then gives the lower bound of (|2.2p . Therefore, (j2.2p is proved. 

Consider ( 61 , b 2 , /3), ( 61 , 62 , /?) £ 1^+, and let {{uin,U 2 n)} be a minimizing sequence of 
0 ( 61 , 62 ,/?). Since (| 2 .ip is invariant under the rescaling: u{x) i->- Xu{Xx),X > 0, one may 
assume that 

/ (|Vmi„P + \Vu 2 n\‘^)dx = 1 for all n E N"''. 


(2.3) 


We then obtain that 


/ luinl'^dx < / 

Jr2 0, y®: 


and 


< —, i = 1, 2, 

a* 


[ I'^inl |'a 2 n| dx ^ f (Iriit^l + |'a 2 n,| ')dx 

JK 2 Z Jr 2 

f (Vwnl^ + |Vn 2 nP)da; = 

a Jr 2 a 


Furthermore, we have 


- = lim 

0 ( 61 , 62 ,/?) n^oo 

2 

+ E 

i=l 


h 


bi 62 


^ /]g 2 + /? /r 2 I^tlr^p|^t 2 np<ia: 

/R2(|VninP + |Vn2nP)da; 


luinrdx + (0 - 


{ 0 - 0 ) [ 


I't^lnl |'t^ 2 n| dx 


< lim 

n—>-cxD 


<- 


'O{b^M,0) 


1 ^ I 6 j —bi 

0 ( 6 i, 62 ,;S) ^ 2 


^ yC | 62 - 62 | ^ 1 /?-/?! ^ 


+ 1/5 -/3| / |ninp|n2npda; 


2=1 


i.e. 


Oibi,b2,0) 0(61,62,/?) 


<-1(61,62,/?)-(61,62,/?)|. 


(2.4) 


Similarly, taking {(/iin, // 2 n)} as a minimizing sequence of 0(6i, 62 , ^), and repeating the 
above argument, we know that 


1 


1 


0(61,62,^) 0(61,62,/?) ff 


<-|(f'l,b 2 ,^)-(^l,& 2 ,^)|, 
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The above estimates then yield that 


0(6i, 62 ,/3)- 0 ( 61 , 62 ,^) 


1 

1 

0{bi,b2,P)0(bub2j) 


0{bi,b2,P) 

OihMj) 


<^\{b,,b2,P)-ih,b2j)\- 


By applying (j2.2p . we therefore conclude that 


|0(6i,62,/3)-0(6i,62,/3)| < 


12 a* 

{bi + 62 + 2/3) (61 + 62 + 2/3) 


|(6i,62,/3)-(6i,62,/3)|, 


which implies that O(-) is locally Lipschitz continuous in ]Ri)_. □ 

With Lemma l2. 2 1 we now prove Proposition 12.11 
Proof of Proposition 12.11 i) Let {{uin,U 2 n)} C <T be a minimizing sequence of 
problem (jl. 2 p . i.e., 


\\uin\\l = \\u2n\\l = 1 and lim Eh b2,i3{uin,U2n) = e( 6 i, 62 ,/ 3 ) 

n^oo 

It then follows from (12.1|) that 
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Ebi,b2,pi.^lniU2n) ^ ^ ^ 


i=l 


1 - 


0{bi,b2,(3) 




dx. 


(2.5) 


If 0{bi,b2, P) > 1, (|2.5I) implies that {{uin,U 2 n)} C <T is bounded in n. Thus, by the 
compactness of Lemma ITTI there exist a subsequence of {{uin,U 2 n)} and {ui,U 2 ) G ^ 
such that 


{uin, U2n) ^ («!, '^ 2 ) Weakly in X , 

(ui„,tt 2 n) ^ {ui,U2) strongly in L'^(]R^) x for all g G [ 2 ,oo). 


Therefore, ||mi||| = ||u 2 ||| = 1 and Ebi^b 2 ,i 3 {ui,U 2 ) = e( 6 i, 62 )/ 3 ). This proves part one of 
the proposition. 

ii) Suppose now that 0{bi,b2, /3) < 1. One then may choose {ui,U 2 ) G M. such that 
each Ui (i = 1 , 2 ) has compact support in and satisfies 


_ /R2(|VmP + |Vu2p)dx _ <s-= ^ + ^ibi,b2,P) 

Y /r2 Wil'^dx + ^ /jg2 \u2\'^dx + P /jj2 \ui\‘^\u2\‘^dx ~ 2 


( 2 . 6 ) 


For A > 0, dehne 


Ui{x) = Xui{Xx), i = 1, 2, 


(2.7) 


so that (ui,U 2 ) G M. Since Ui{x) is compactly supported in and Vi{x) G L“^(M^), 
there exists a positive constant C, independent of A > 0, such that for A —>• oo. 




‘^dx < C < oo. 


i = 1, 2. 


( 2 . 8 ) 
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On the other hand, by (I2.6p and (j2.7l) . we have 
2 

- (3 f \ui\'^\u2\'^dx 

2 

= [ (\^Ui\‘^-^\ui\^)dx-[ |ni|V2pdx 

^JR 2 ^ ^ JR 2 

<A^(5 —f Ittil^dx +f \u2\^dx + j3 f |tti^|tt21 

^ JR2 ^ JR2 Jr2 

^ — oo as A —)• oo. 


(2.9) 


It then follows from ()2.8[) and (12.9p that 

e{bi,b2,l3) < Ebi^b2^i3{ui,U2) -oo as oo, 

which implies that e{bi,b 2 ,13) does not admit any minimizer. Proposition 12.II is therefore 
established. □ 

We end this section by proving Theorem ll.il 
Proof of Theorem II. 11 (i): For any (rii,ri 2 ) £ x with f ^2 \ui\‘^dx = 

1 , i = 1, 2 , it follows from (|1.10p that 


0{b,,b2,l3) 

^ ^ + W2\^)dx _ 

{||«dli=iA=i, 2 } \ui\^dx + ^J^2 \u2\^dx + I3{J^2 \ui\^dxf^2 \u2\^dx)^ 

+/r2 \u2\^dx/ ^2 luil^dx) 

= inf - 2 -^^ 

{||ni||2=l,i=l,2} k + k \u2\^dx/ /r2 \ui\‘^dx +I 3 {J ^2 \u2\^dx/ ^2 |wi|^dx )2 

Setting 

t--={ [ |u 2 |^dx/ [ \ui\^dx)^ G ( 0 ,oo) and h.^At) ■= bi (^-lO) 

dR2 JIK2 —I—2"^ + (3t 


and then 

0 {bi,b 2 ,P)> inf ( 2 . 11 ) 

t€( 0 ,oo) 

Since 0 < 6 * < a* (i = 1, 2 ) and f3 < a/ (a* — bi){a* — 62 )) standard calculations show 
that fbi,b2,/3i't) > 1 any t G (0, 00 ), and also 


Qj a 

lim, hi^A^) = 7 “ > 1 and lim fbi,b 2 A^) = T > 
t^0+ bi t-yoo 62 

So, by the continuity of fbi,b 2 ,A^) obtain that inf fbi,b 2 ,A^) ^ This estimate 

te( 0 ,oo) 

and P2.11I) then imply that 0(bi,b2, A > 1, from which we conclude that (II.2p has at 
least one minimizer by Proposition 12.llf i). 
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(ii): Consider a function 0 < (^ G satisfying f ^2 \‘p\^dx = 1, and set 


u\{x) = 


IIQII: 


-Q(Ax), A > 0, 


( 2 . 12 ) 


where Q{x) is the unique radial positive solution of the scalar field equation (II.9p . It 
then follows from (II.lip that 


\Vu\\^dx = 


A^ 


as well as 


[ kAr 


dx = 


WQWl 

A 2 


IIQII2 


\VQfdx = A^, 
9 

\Q\^dx = ^. 


Suppose now that 61 > a*. We then take {u\, ip) as a trial function of O so that 

/r 2 (|VuaP + \V(p\‘^)dx 


Oih,b2,l3) < 


< 


T /r 2 + T /r 2 \^\^dx + /3/r 2 \ux\‘^\ip\^dx 

_+ /r 2 \Vip\^dx _ 

^A2 + ^ \^\^dx + |r /r2 \Q\^\ip{j^)\‘^dx 

^A 2 h 


Thus, 0{bi,b2, /3) < 1 and it then follows from Proposition I2.11 iii that (|1.2p has no 
minimizer. Similarly, if 62 > o*, one can also obtain the nonexistence of minimizers for 

Assume finally that (3 > ° case, take {u\,u\) as a trial function 

of O, where ua > 0 is defined by ( 12 . 121 ) . We then have 

2 /g 2 iVttApdx _ a* 


0{blM:P) < 


+ ^ + fi) j^2\u\\^dx ^ + ^ + /3 


< 1 . 


Hence, it follows again from Proposition I2.1f iil that (jl.2n has no minimizer. This com¬ 
pletes the proof of Theorem 11.11 □ 


3 Further results on the existence of minimizers 

As discussed in the Introduction, our Theorem o gives a complete classification of the 
existence of minimizers for (jl. 2 p . except that ( 61 , 62 ,/?) satisfies 

0 < 61 < a*, 0 < 62 < a* and jd G [a/ {a* - bi){a* - 62 ), ° ^ ^ . 

The aim of this section is to prove Theorems 11.21 and 11.31 which are concerned with the 
existence of minimizers for (jl.2p when ( 61 , 62 , /3) lies in the above range. It turn out that 
such an existence depends on whether 0 < 61 = 62 < a* or not. 

Firstly, we shall make full use of Proposition 12. II to derive the existence of minimizers 
for (II.2p in the case where 0 < 61 7 ^ 62 < a* and /? is close to sj («* “ 6 i)(a* — 62 ) from 
above. We start with the following lemma. 
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Lemma 3.1. Let 0 < 6 i 7 ^ 62 < a* and j3 = sj{a* — bi){a* — 62 ) such that 

I 61 - 62 I <2/3. 


If 0{bi, b 2 , {a* — bi){a* — 62 )) possesses a radially symmetric (about the origin) min¬ 
imizing sequence {{uin,U 2 n)} C x satisfying 

0 < Cl < / iVwinpda; < C 2 < 00, and 0 < Ci < / \uin\'^dx < C 2 < 00, i = 1,2, (3.1) 

and Cl, C 2 are independent of n, then we have 

0 {bi,b 2 ,y/{a* -bi){a* - 62 )) > 1 - 

Proof. Since {uin C (/ = 1, 2) is radially symmetric, by m and the com¬ 
pactness lemma of Strauss [M]) we deduce that there exists Ui{x) G satisfying 

Uin Ui weakly in / = 1, 2; 

Uin ^ Ui strongly in VpG(2 ,oo), / = 1, 2. 


Also, the assumption (13.ip implies that 

/ \ui\^dx > Cl > 0 and ttj ^ 0 , i = 1 , 2 . 

Jm? 

Since 0 < 61 / 62 < a*, without loss of generality, we may assume that hi < 62 - Then 
the assumption on /3 can be simplified as 

0 < 61 < 62 < a* and 62 < 2/3 -(- 61 , where /3 = i/(a* — hi){a* — 62 )- (3.3) 


Applying (11.101) and ()3.2I1 . we have 


C(6i,62,/3) > lim -J— - °2 IuAWin\^ + \u2n\^)dx - 

n^oo a luinl'^dx + -f J^2 \u 2 n\‘^dx + /3 J]^2 |Uin|^|tt2npdx 

^ ^ Jr2(|ui|‘^ + \u 2 \‘^)dx _ 

Y /R2|ui|^dx + ^ /r 2 |u2|^dx +/3/jg2 |ui|2|it2pdx 

> fbi,b2,i3ito), to-={ \u 2 \^dx/ / luil'^dx) 2 G (0,oo), 

Jr2 Jr2 


(3.4) 


where fbi,b 2 , 0 {t) is defined in (j2.10p . and the equality of (j3.4p holds if and only if 

u\{x) = Ku\{x) for some k > 0. (3.5) 

Moreover, since ft = y(G* —it holds that 


fbi,b 2 ,fi{t) >1, V f G (0,oo), 


(3.6) 


and 


fbi,b 2 ,/s{t) = 1 ^ t = ti 



-bi 

-h2 


(3.7) 
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We thus deduce from (I3.4p and (13.6p that 0(6i, 62 , sj («* — bi)(a* — 62 )) > 1- 
We claim that 0 ( 61 , 62 , \/ (a* — 6 i)(a* — 62 )) > 1. Otherwise, if 

0 ( 61 , 62 , a/( a* - 6 i)(a* - 62 )) = 1 , 


(3.8) 


then (|3.5p holds for to = where to and ti are given by (|3.4I) and (13.7p . respectively. 
Thus, we have 

7/2 (x) = Knf(x), where k = to = 


a* — 61 


Together with ()3.2p . this implies that 


0(6i,62,/3) > 


a* - 62 


42 (|Vni |2 + |Vu2p)dx 


> 1 . 


(3.9) 


Y /r 2 ^ + (3 |MiP|w 2 Pdic 

_ 1 + K Jjga IVuipdx 

Y + + 13 k /ir 2 Ittil^dx 

On the other hand, define 

?ii(x) = where A* := f \ui\‘^dx < lim [ \uin\‘^dx = 1 , 

V Aj Jr 2 rn-oo Jj^a 

so that Jjga I'Uipdx = 1, where t = 1, 2. Note also from (13.911 that 

A 2 = kAi < 1 . 

Therefore, by the definition of O(-), we deduce from (j3.9p . (j3.1ip and (j3.12p that 

/R2(|V{iiP + \Vu2\‘^)dx 


(3.10) 


(3.11) 


(3.12) 


0 ( 61 , 62 ,/?) < 


t/r2 + 2 /r2 + /3/r2 \ui\‘^\u2\‘^dx 


2 Ai 


/r 2 IVUlpdx 


^ + ¥ + /3 


< 


2 ' 2 

It then follows from (I3.10p that 


uil'^dx k + k + ^ 


/r 2 iVuipdx 
/r 2 |miI'^ dx 


1 + K 


< 


^ + ^K2+/3At - ^ + ^+/?’ 


i.e., 


K + K 


— bi < b2 


where k = 


a* - 61 
a* - 62 


> 1 , 


-^ + -^^2 + / 3 it -^ + -^ + /? 

which however contradicts Lemma lA.ll in the Appendix. Thus (|3.8p cannot occur, then 
0(61,62,1/(0* - 6i)(a* - 62)) > 1. □ 

With Lemma l3.II and Proposition 12.11 we can prove now Theorem 11.21 
Proof of Theorem 11.21 Let {{uin,U 2 n)} be a minimizing sequence of 0(61,62,/?). By 
the Schwarz symmetrization of {{uin,U 2 n)}, one may assume that 


— lirnd^^l) ^ 0 , i — 1 , 2 . 


(3.13) 
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Moreover, since the problem ()2.ip is invariant under the rescaling: u{x) e->• Xu{Xx) for 
A > 0, one can also assume that 


[ + \Vu 2 n\‘^)dx = 1 for all n E N"*". 

JR2 


(3.14) 


By the Gagliardo-Nirenberg inequality (11.101) . we then obtain that /jg 2 \uin\'^dx {i = 1, 2) 
is bounded uniformly, i.e., 


0 < Cl < ^ [ \uin\‘^dx + ^ [ \u2n\^dx + l3 [ \uin\‘^\u2n\‘^dx < C 2 < OO. (3.15) 

^ ./R2 2, J^2 J^2 

Under the assumption (|1.15l) . we claim that 

0 {bi,b 2 , a/ {a* - bi){a* - 62 )) > 1 - 
We prove (13.161) by considering separately the following two cases. 

Case 1. If 

/ luinl'^dx —>-0 as n —>■ 00 , where z = 1 or 2 . 

Jr2 

Without loss of generality, we assume that 

[ \uin\^dx^0 as n^oo. 


(3.16) 


(3.17) 


It then follows from (|3.15l) that 

/ \'U'ln\‘^\u 2 n\‘^dx A 0 and / \u 2 n\^dx > C > 0. 

JR2 Jr2 

By the assumption 0 < b 2 < a*, we then have 

o(b„h.n= lim 1- 

n^oo ^ \u 2 n\'^dx + o(l) 

J^ 2 \'^U 2 n\'^dx a 


> lim 


rn-oo k r \u 2 n\^dx + o(l) ^2 


> ^ > 1 , 


(3.18) 


where (ll.lOp is used. Thus, (j3.16l) follows immediately from (|3.18p with (3 = ^/{aXX^biJ(aXX^l^. 
Case 2. If 


\uin\dx > C > 0 for z = 1 and 2 . 


(3.19) 


In this case, applying (II. 101) and (I3.14j) . we deduce that there exist positive constants C 3 
and C 4 , independent of n, such that 

0 <Cs < / \Vuin\‘^dx < C 4 < 00 , z = 1 , 2 , 
yR2 

0 <C 3 < / \uin\‘^dx < C 4 < 00 , z = 1 , 2 . 
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Under the assumption (|1.15p . we then conclude from (|3.13p and Lemma 13.11 that the 
estimate (j3.16p also holds. So, the claim is proved. 

Combining (13.161) and Lemma 12.21 we then derive that there exists a constant 5 
satisfying 5 > {a* — bi){a* — 62 ) such that 

0 ( 61 , 62 ,/?) > 1 for all /? E [a/ {a* - 6 i)(o* - 62 ), (5). 

By Proposition 12.11 we therefore conclude that (|1.2p has at least one minimizer. □ 


Next, we turn to proving Theorem 11.31 that is, the existence and non-existence of 
minimizers for ()1.2p in the case where ( 61 , 62 ,/?) satishes 0 < 61 = 62 < a* and (I1.14p . 
These assumptions on ( 61 , 62 ,/?) imply that ( 61 , 62 ,/?) lies on the segment: ( 61 , 62 ,/?) = 
(a* — /?, a* — /?, /?) with 0 < /? < a*. In this case, for simplicity, we rewrite the functional 
(jl.5p as 


Ea*,a*iui,U2) -=^1 j ^ (iVUjp Vi{x)\Ui\‘^ - 

/3 /* 2 

+ T / dx , where (ui, U 2 ) E T . 

^ ?K2 

Note from (IA.5P and (IA. 6 jl in the Appendix that 

0 < e(a*-/?, a*-/?,/?) < inf (Vi{x) + V 2 {x)). 

a;gR2 


(3.20) 


If infa,eiR 2 + V2{x)) = 0 is attained. Theorem OKi) shows that o does not 

admit any minimizer. Surprisingly, Theorem 11.31 11) however shows that there exists at 
least one minimizer for (| 1 . 2 I) if 

0 < e(a*-/?, a*— /?,/?) < inf (yi{x) + V 2 {x)). 

a:GR2 


As illustrated in Example 1.1, the above condition does hold for some potentials Vi{x) 
and V 2 (x). 

Finally, we give the proof of Theorem 11.31 

Proof of Theorem 11.31 (i): In order to prove part (i), we assume that inf 2 ,g]j |2 (Ui(x) -|- 
= 0, i.e., there exists xq E such that Ui(xo) = V 2 {xq) = 0. Since 61 = 62 = 
a* — /?, we take (/> > 0 as in (IA.3h and use ((/>, (/>) with xq = xq as a trial function of 
e(a* — /?, a* — /?, /?). It then follows from (jA.5p and (IA. 6 P that 


0 < e(a*-/?, a*-/?,/?) < lim „*(</>,</') = Ui(xo) + U 2 (xo) = 0, (3.21) 

T^OO 

i.e., e{a* — (3, a* — /?,/?) = 0. Suppose now there exists a minimizer (ui,U 2 ) £ M for 
e{a* — P, a* — (3,(3). As pointed out in the Introduction, we can assume {ui,U 2 ) to be 
non-negative. It then follows from (j3.20l) that ui = tt 2 > 0 in and 

/ \Vui\‘^dx = - / I'Uil^dx and / Vi(x)|'Uip(ix = 0. 
iR2 2 J^2 
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This is a contradiction, since the first equality implies that ui{x) is equal to (up to trans¬ 
lation) Q{x), but the second equality yields that ui{x) has compact support. Therefore, 
the conclusion (i) of Theorem Ol is proved. 

(ii): In this case, we have 

0 < e{a* — I5,a* — (3, (3) < inf (Vi(x)-|-V 2 (a;)) • 

For M. defined by (jl.3p . we introduce 


d{u, v) := ||u — v\\x, u, V & M. , 

where ^ 

NIIa- = U = {ui,U2) G -T . 

It is easy to check that (A1, d) is a complete distance space. Hence, by Ekeland’s varia¬ 
tional principle [35l Theorem 5.1], there exists a minimizing sequence {un = (uin, U 2 n)} C 
A4 of e{a* — (3, a* — f3, (3) such that 

e(a* - 13,0* - /3, /3) < Ea*,a* {un) < e(a* - /3, a* - /3, /3) -F - , (3.22) 

n 

Ea*,a*iv) > Ea*,a*iUn) - \\Un - v\\x for V G M. (3.23) 

n 

Due to the compactness of Lemma [2.11 in order to show that there exists a minimizer 
for e{a* — f3, a* — (3,/3), it suffices to prove that {un = {uin,U 2 n)} is bounded in A! 
uniformly w.r.t. n. We argue by contradiction. If {u„ = {uin,U 2 n)} is unbounded in X, 
then there exists a subsequence of {un}, still denoted by {un}, such that ||un||A^ ^ cc- 
By Gagliardo-Nirenberg inequality, we deduce from (13.2211 that 


/ Vi{x)\uin\‘^dx < Ea*,a*{un) < e{a* - /3,a* - 13,13) + -. 

n 


Hence, 


We now claim that 


IVuinj^ -I- \Vu2n\‘^dx A OO. 


a* f 

\VUin\‘^dx ~ / \uin\‘^dx 

/ [ \u2n\‘^dx A 1 


OO, i = 1, 2, 


(3.24) 


(3.25) 


(3.26) 

(3.27) 


Indeed, by (I3.25h . we may assume that Jjg 2 |Vui„p(ix A oo. Note from (I3.22p that 

0 < /" \Vuin\‘^dx - [ \uin\‘^dx < e{a* —/3, a* — P, P) 3 —, for i = 1, 2. (3.28) 

Jr2 2 n 

This implies that 

-^7 / \uin\‘^dx A oo and / jVuinj^dx / — \uin\^dx 
2 jRa 7 r 2 / 2 JlR2 


Al. 


(3.29) 
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On the other hand, (13.2211 also yields that 


/3 [ {\uin\‘^-\u 2 n\‘^)‘^dx <e{a* -/3,a* -/3,/3) + -. 
JR 2 n 


Then, 



< 



Uai 


2 



1 

2 





U, 


(12 \ 


- \ - P, a* - /3, /3) + -) 


Together with (I3.29p . we thus derive that 


/ 

Jr- 


\u 2 n\‘^dx A oo and 


1 

\UaXdx ) ^ + 


\uin\dx 


\Ua2\'^dx 


I l4 7 ^1 

\U2n\ 1 - 


This estimate and (j3.28p then imply that 


/ \VU 2 n\^dx oo and / \Vu 2 n\^dx /— / |ri 2 n|^rfa; 

Jr2 7r 2 / 2 JlR2 

Therefore, (|3.26l) and (|3.27p follow from p3.29p . p3.3ip and (I3.32p . 
Define now 


4^™ 1 . 


C" := 


iR 2 


Ittinrdx. 


Similar to Lemma [531 (i) in Section O there exists a sequence {ye^} C as 
positive constants Rq and y such that 


Winix) •— T ^nVen^ f — f; 2, 


satisfies 


L 


Brq ( 0 ) 


\win\^dx > T/ > 0, i = 1, 2. 


Recall from (I3.30p that 

/ (l^lnl |'U^2n| ) dx — / (|^ln| |^2n| ) dx >■ 0, 

JR2 " 7r2 

which implies that 

— W 2 n A- 0 in L^(M^) and ^ 0 a.e. in 

Moreover, since lim| 2 ,|^oo V'j(x) = oo {i = 1,2), it follows from p3.24p that 


2 2 

^ ^ dx — ^ ' / L)T£nye„)l^inI dx 

1^1 -^R^ 


< e{a*-l3,a*-(3,(3) + — 


n 


We deduce from p3.34p and Fatou’s Lemma that {en4/e„} is bounded uniformly i 


(3.30) 



(3.31) 

(3.32) 

well as 

(3.33) 

(3.34) 

(3.35) 

(3.36) 
n M^. 
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For any Lp{x) G C'“(]R^), define 

(p{x)=Lp{- - j{T,a) = ]- [ \uin + TUln + a(p[ 

^ Jk 2 

SO that j{T,a) satisfies 


dx, 


,( 0 . 0 ) = 1 , ^ 

, J 2 ’ dr 


j 

JR- 


\uin\^dx = 1 and 


<9j(0,0) 

da 


I 


= / Uin(pdx. 


Applying the implicit function theorem then gives that there exist a constant Sn > 0 and 
a function T(a) G ((—5^, 5^),M) such that 

r(0) = 0, t'( 0 ) = - [ uin<fdx, and j(T(a),a} =j( 0 , 0 ) = 

JR2 2! 

This implies that 

(uin + T(a)uin + a(fi, U2n) G M, where a G (-(5„, (5„). 

We then obtain from (|3.23l) that 

Ea*,a*(uin + T(a)uin + a(p,U2n) “ Ea» ,a* (uin, U2n) > “ “ || (r((T)uin + a(p,Q)\\x- 

n 

Setting cr —)• O"'' and ct —)• 0“, respectively, we thus have 

*(ui„,n2n),(T'(0)ui„ + (^,0)) <-||r'(0)uin+ (,511^1. (3.37) 

’ n 

By the definition of f|3.33p . direct calculations yield that for n ^ oo, 

„*(um,n 2 n), (<^,0)) = — / Vwin'^ipdx + en Vi{enX + enVeJwinifdx 

^ JR2 Jk2 

/5 r 

wf^ipdx + — {win - wln)win^dx, 

Jr2 


a 

Cn Jr 2 


(3.38) 


and 


■^'(0) = - Uinifdx = -En / win^fdx , ||r'(0)um + (pWni < C, 

JR2 Jr2 

■— 7:{En* a*{'^ln:U2n)} {UlmO)) ^ ^ [ l^ln| dx = ■ 

2 ’ 2 7 r2 2 

We then deduce from (j3.37jl - (j3.39jl that 

VwinV(fdx + el Vi{enX + enVeJwin^pdx - HinEn / Winlfdx 
JR2 Jr2 

^ [ wln^dx + f3 [ {win - wjjwin^dx <^^- 
JR2 Jr2 n 


(3.39) 


— a 


(3.40) 
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Using (I3.34P and ()3.35p . we thus deduce from ()3.40p that win ^ wi in where 

wi is a non-zero solution of 


— Ate -|- X^w — a*w^ = 0 in 


(3.41) 


and := — lim„_>.oo > 0- Similar to the above argument, one can also show that 

W 2 n ^ W 2 in where W 2 is also a non-zero solution of (|3.41l) . Further, we derive 

from ()3.35p that wi{x) = ±W 2 {x) a.e. in R^. 

We next show that 

lircilll = 1, where i = 1, 2. (3.42) 

Indeed, since Urcjnlll = 1 nnd Wi ^ 0, we have 0 < WwiW'^ < 1. On the other hand, 
employing (|3.41D and the Pohozaev identity ([SI Lemma 8.1.2]), we derive that 

I \wifdx = I \Vwi\'^dx = —^ [ Iwil'^dx, where i = 1, 2. 

JlR2 7 r2 2A"= 7k2 

We then use the Gagliardo-Nirenberg inequality (jl.lOD to deduce that 


«* / /r2 \wi\‘^dxj^ 2 \Vwi\‘^dx _a* f , 2 ^^^ 
„ r* I I A ~ / 'LUj CLX 

2 /r2 \wi\‘^dx 2 J^2 


(3.43) 


which yields that HiCiHl A 1 for i = 1 and 2, and therefore (|3.42p follows. 
We now obtain from (I3.42h that 


Win Wi strongly in L^(R^), i = 1, 2. 


(3.44) 


Since {enVen} is bounded uniformly in 
{en}, of {e n} suc h that enVe^ A G 1 
(|3.36p and (I3.44h that 


there exists a subsequence, still denoted by 
Using Fatou’s lemma, we thus obtain from 


2 „ 

e(a* -/3, a*-/?,/?)> / lim Vi{enX + enye„)\win\‘^dx 

^ Jr2 

2 r 

= / Vi{zo)\wifdx = Vi{zo) + V2{zo), 


which however contradicts the assumption that e{a* — I3,a* — [3,13) < inf 3 ,g]R 2 (Ui(x) -|- 
V 2 (x)), and the proof of Theorem II.3n il is therefore done. □ 


4 Uniqueness of nonnegative minimizers 

The aim of this section is to prove Theorem 11.41 on the uniqueness of non-negative 
minimizers for (|1.2p by applying the implicit function theorem. Based on the contracting 
map, a similar result for single GP energy functionals was also proved in |2l|28], however 
this methods seems not applicable to our problem. 

Let Ail be the first eigenvalue of —A -|- Vi{x) in T-ii, i.e, 

Ail = inf I / (|Vup -|- Vi{x)\u^dx : u € "Hi and / \u\^dx = l|) * = 1, 2. (4.1) 
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Applying Lemma [27T] (see also [32]), one can deduce that Aji is simple and can be attained 
by a positive normalized function (/>ji G T-Li, which is called the first eigenfunction of 
— A + Vi{x) in T-Li, i = 1, 2. Define 

Zj = span{())ji}■*■ = < tt G : / u4>iidx = 0\, i = 1,2, 

'' yR2 ^ 


so that 

Hi = span{())ji} © Zj, i = 1,2. (4.2) 

We now recall the following properties. 

Proposition 4.1. Lemma 4-2] If Vi{x) satisfies /il.6\) fori = 1, 2, then 

(i) ker{ - A + Vfix) - A^) = spanifin}, 

(ii) {- A + Vfix) - Xii)Zi, 

(iii) Im ( — A + Vi{x) — Aji) =( — A + Vi{x) — Xii)Zi is closed in H*, 

(iv) codim Im ( — A + Vfix) — Aji) =1, 

where H* denotes the dual space of Hi for i = 1, 2. 

Define now the functional Fi : X x Mp H* by 

Fi{ui,U2,ti‘i,bi,l3) = {-A + Vi{x) - pi)ui-biu^i - fiu^jUi, i = l,2, (4.3) 


where j i and j = 1,2. We then have the following lemma. 

Lemma 4.1. Let Fi he defined by \4.3^ , where i = 1, 2. Then there exist 5 > 0 and 
a unique function {ui{hi,h 2 , fi), Pi{hi,h 2 , fi)) G (^Bs{0)', Bsifia, Xu)), where i = 1,2, 
such that 


'Pi{0) = Ail, Ui{0) = fin, i = l,2; 

<Fi{ui{bi,b2,fi),U2{hi,b2,fi),Pi{hi,b2,fi),bi,fi)=Q, f = 1, 2; (4.4) 

Mi{hi,h2,fi)\\l = ||u2(6i,62,/3)||i = 1. 

Proof. For i = 1, 2, dehne gi : (Zi x M) x (Z 2 x M) x i-)> TL* by 

gi{{zi,iii), {z2,g2),si,S2,bi,fi) := Fi((l + si)fiii + zi, (1 + S2)fi2i + Z2,gi,bi,fi). 

Then gi G C^{{Zi x R) x (Z 2 x R) x Mfi;H*) and 

^^((O, All), (0, A 21 ), 0) = Fi ((/ill, 021, Ail, 0) = 0, 

DsiQiifilj All), (0, A 21 ), 0) = iAu.Fi(0ii, 021, Ail, O)0ii 

= ( - A + Vi{x) - Aii)0ii = 0, 

F’sjfl'i((0, All), (0, A 21 ), 0) = F)„^Wi(0ii, 021, Ail, O)0ji = 0, 
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where j / = 1, 2. Moreover, for any {zi,jli) € Zj x M, we have 


All), (0, A2 i),0), {zi,ili)) 

= {- A + V{x) - Xii)zi - G T-L*, 


(4.6) 


and 


(4.7) 


(4.8) 


All), (0, A 21 ), 0), {zj , fij)^ 

=DujFi{(pn,4>2i,Xii,0)zj + Dfj,.Fi{4>ii, (p2i,Xii, 6)fij = 0. 

It then follows from (|4.6n and Proposition 14.11 that for i = 1, 2, 

F{zi,tii)9ii{0, All), (0, A 21 ), 0) : Zj X M i-> Ti* is an isomorphism 
We next define G : {Zi x M) x {Z 2 x M) x 1 -^ "HI x x by 

/ 9l{{zi,9l),(.Z2,fi2),Sl,S2,h,P) \ 

\ II (1 + 52)^21 + ^2111 “ 1 / 

Setting hi{zi, Si) = ||(1 + Si)0ii + — 1, we then have 

'^(( 21 ,ltl),( 22 ,li 2 ),Sl,S 2 )^((^) All), (0, A 21 ), 0, 0, 0 ) 

^ F{^z\,^\)9i ^(z2,fj,2)9i -^5151 Fs29i \ 

_ F(^zi,^l)92 ^(z2,fi2)92 Fsi 32 Dg2Q2 

F(^zi,iii)^i '^( 22 , 142)^1 Fsi^i Fg^hx 

\ -^(2i,iji)^2 ^(22,142)^2 Dg-^h2 Dg2h2 ) (4.9) 

/ (-A + I/i(x) - All, -(/)ii) 0 0 0 \ 

_ 0 (—A + ^ 2 ( 3 ;) — A 21 , —</> 2 i) 0 0 

0 0 2 0 

\ 0 0 0 2 / 

We then derive from (j4.8p that 

^((2i,/ii),(22,M2),si,s2)G'((0, All), (0, A 21 ), 0, 0, 0 ) : {Zi X M) X {Z 2 xR) xR^ 1 -^ Hi xTi^ xR^ 

is an isomorphism. Therefore, it follows from the implicit function theorem that there ex¬ 
ist 5 > 0 and a unique function {zi{bi,b 2 , P), lJ.iibi,b 2 , P), Si{bi,b 2 , P)) G (7^(135(0); i?5(0, Aji, 0)), 
where i = 1, 2, such that 


fG((2:i,/ri), (2;2 ,/x2),si,S2, (6i,?) 2,^)) = G((0, All), (0,A2 i), 0,0,0) = 0, 

|2:j(0)=0, //i(())=Aji, Sj(0)=0, i = 1, 2. 

By setting 

Ui{bi,b2,P) = (1 + Si{bi,b2,P))pii + Zi{bi,b2,P) , ( 61 , 62 ,/?) G ^^(O), i = 1, 2 


(4.10) 
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we then obtain from (I4.10p that there exists a unique function 62 , /3), 62 , /3)) € 

Xii)), where i = 1 , 2 , such that 


Ui{6) = (1 + Si{6))(pii + Zi(0) = 4>ii, fii(0) = Ail, 


(4.11) 


and 


f Fi{ui{bi,b2,P),U2{bi,b2,l3),ni{bi,b2,P),bi,f3) \ 
F2{ui{bi,b2,f3),U2{bi,b2,P),fi2{bi,b2,f3),b2,l3) 


V 


\ui{bi,b2, 

\ui{bi,b2, 


^ — 1 
2 - 1 

2 


= 0 , 


/ 


(4.12) 


□ 


and therefore ()4.4I) holds. This completes the proof of Lemma l4.ll 

In the following we use Lemma [4.1l to derive the uniqueness of nonnegative minimizers 
for sufficiently small | ( 61 , 62 , /3) | • 

Proof of Theorem 11.41 It follows from Theorem 11.11 that 6 ( 61 , 62 ,/?) admits at least 
one minimizer if 0 < 61 < a*, 0 < 62 < a* and /? < y(a*^^ 6 )J(a*^^ 6 ^. We first claim 
that e(-) is a continuous function of ( 61 , 62 , /3) on the interval I := (—^, ^) x (—^, ^) x 
(“X’x)' Iiideed, for any ( 61 , 62 ,/?) G I, let {ui,U2) be any nonnegative minimizer of 
6 ( 61 , 62 ,/?). It then follows from (ll.lOp and Cauchy’s inequality that 


e(6i,62,/?) = L;bi,fe 2 ,i 3 («i,W 2 ) > ( 


a* - \bi\ 




\uj\^dx > — 


E 


2=1 


2 2 

2=1 

which implies that 

the L^-norm of minimizers for e(-) is bounded uniformly on the interval / 


\ui\‘^dx, 


(4.13) 


For any ( 611 , 6 * 2 , /?i) G I, we now denote {uii,Ui 2 ) to be the corresponding nonnegative 
minimizer of e(6ji, 6*2,/?i), where i = 1, 2. Then 


e(6ii, 612,/?i) — 

(^11’^ 12 ) ~b 
622 — 612 


621 - 611 


Ittiirdx 


+ 


Ui 2 \ dx + (/?2 - 


(/?2-/?l) [ 
JR- 


\uil\^\ui 2 \^ dx 


(4.14) 


> 6(621,622,/?2) + 0(1 (621,622,/?2) — (611,612,/?l)|). 

Similarly, we also have 

6(621,622, /?2) > e(6ii, 612, /?i) + 0(1(621,622, /?2) — (611,612, /?i)|). ( 4 . 15 ) 

We then derive from (I 4 . 14 p and (I 4 . 15 P that 

lini ^ e(6ii, 612,/?i) = 6(621,622,/?2), 

(fell ,fel 2 ,/ 3 l)—>'(fe 21 ,fe 22 ,/ 32 ) 

which implies that e(-) is continuous on the interval /, and the above claim is therefore 
proved. 
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Let {ubj^^i3,Ub2,/3) be a non-negative minimizer of e{bi,b2,f3) with {bi,b2,f3) G I. We 
then deduce that satisfies the Euler-Lagrange system 

(-A -h Vi{x) - = 0 in R^, 

^ (-A V2{x) - Mfe2,/3)^fe2,/3 - ^2Ub2,/3 - /^^fei,/3^fe2,/3 = 0 in R2, 

i.e, 

Fi{ub^,/3, Ub2,/3, bi,P) = 0, i = l,2, 

where {fJ-bi,i3, fJ-b2,/3) G R^ is a Lagrange multiplier. We then derive from (|4.13p and the 
above claim that 

Eo,0,o{Ubi,l3, Ub2,li) 

^ b- f r 

=^6i,62,/3('«fei,/3,'«fe2,/3) + y'17 / \ubi,is\‘^dx + f3 \ubi^f}\‘^\ub2,f3\‘^dx (4.18) 

^ ^ 4IR2 Jr2 

=e{bi,b2,/3) + 0{\{bi,b2,/3)\) ^ e{0,0,0) as (6i,62 ,/3)0. 


(4.16) 

(4.17) 


On the other hand, one can check easily that e(0,0,0) = An -|- A21, and {4>ii,4‘2i) is 
the unique non-negative minimizer of e(0,0,0), where is the first eigenpair of 

— A -|- Vi{x) in T-ii, i = 1, 2. We then deduce from Lemma o that 


Ubi,i3^(t>ii in Ui as (61,62 ,/3)(0,0,0), z = 1, 2. (4.19) 

Moreover, by (|4.16l) and (14.1911 we have 

= / \^Ub^^|i?+ Vi{x)\ub^,p\'^dx-bi j \ubi,p\^dx - P j \ub^^p\^\ub2fi\^dx 

JR2 yR2 Jr2 

^Aii as (61,62,/?) ^(0,0,0), i = l, 2. (4.20) 


Applying (|4.19l) and (I4.20p . we then derive that there exists a small constant 5i > 0 such 
that 


and l/Zfei,/? - Ajil < 5i if (61,62,/3) G (0), z = 1, 2. (4.21) 

We thus conclude from (|4.17p and Lemma l4. II that 

^J-buis = l^i{bi,b2,/3), Ubi,0 = Ui{bi,b2,f3), if {bi,b2, P) G Bs^{0), z = 1, 2. 

This therefore implies that for sufficiently small \{bi,b2, (d)\, (ui(5i, 62,/?), U2{bi,b2, /3)) 
is a unique non-negative minimizer of e{bi,b2, /3), and we are done. □ 


5 Optimal Estimates 


To simplify the notations and the proof, we denote a* = 6* -|- /3 > 0 for any fixed 
0 < /3 < a*, where z = 1, 2. It is then equivalent to rewriting the functional (II.5p as 


2 » 

Eai,a2(^^l,^‘2) ■=Ylj^ (iVztip -h Vi{x)\Ui\‘^ - 



where (zzi,ZZ2) G <T. 


(5.1) 
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Also, the minimization problem (| 1 . 2 I) is then equivalent to the following one: 


6 ( 01 , 02 ) := inf Ki,a 2 (oi,n 2 ), (5.2) 


where M. is defined by (II. 31 ) . 

To prove Theorem ll .51 we first need to establish the following crucial optimal energy 
estimates as (01,02) (a*,a*). 

Proposition 5.1. Suppose 0 < /3 < o* and V)(x) satisfies jl-l'fi ) and where 

i = 1,2. Then there exist two positive constants Ci and C 2 , independent of ai and 02 , 
such that 

Ci(^a* po+2 ^ e(oi,02) < ^2(^0* - ^ 0-2 ^ Po+2 (oi,02)/'(o*,o*), 

( 5 . 3 ) 

where po > 11 is defined by and 6 ( 01 , 02 ) is defined by L5.2\) . Moreover, if{uai,Ua 2 ) 

is a non-negative minimizer 0/6(01,02), then there exist two positive constants C3 and 
Ci, independent o/oi and 02, such that 

C^(a* - 

as (01,02) Z' {a*,a*). 

We remark that even though the upper bound of ( 15 . 3 p can be proved similarly to 
that of Lemma 3 in | 14 j . the arguments of [U] do not give the lower bound of (j 5 . 3 p . 
For this reason, as discussed below, we need employ a little more involved analysis to 
address the optimal lower bound of ( 15 . 311 . 

In what follows, we focus on the proof of Proposition 15.11 For any fixed 0 < fi < a*, 
denote (uq^, Uqj) to be a non-negative minimizer of (| 5 . 2 I 1 . We start with the following 
energy estimates of 6(01,02). 

Lemma 5.1. Under the assumptions of Proposition HOI there exists a constant C > 0, 
independent o/oi and 02, such that 

61(01) 62(02) ^ / (lUaiP - \Ua 2 f)^dx < 6(01,02) < <7(0* - ^ Po+2 

as (01,02) ^ (o*,o*), where efi-) is given by for z = 1 , 2 . 

Proof. Since {uai,Ua 2 ) is a non-negative minimizer of (| 5 . 2 p . we note from (jl.Sp that 

Eaua2iu,v) = eI^{u) + eI^{v) + ^ [ (lop - |up)^dx for all (o,u) G A, 

2 Jk2 

where El^.{-) is dehned by (jl.Sp for z = 1 and 2 . This relation then implies that 

P f 

6(01,02) > 61(01) -1-62(02) -h ^ / {\Uafi‘^ - \Ua2ffdx, 

2 Jr2 

which gives the lower bound of ( 15 . 5 p . 
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Stimulated by Lemma 3 in [T3], we next prove the upper bound of (jS.Sp as follows. 
Without loss of generality, we may assume Po = Pi = iiiin{pii,P 2 i} > 0 and pu < p 2 i, 
where po and pi are defined by (I1.20I1 . We proceed similarly to the proof of Lemma A2 
in the Appendix, and use the trial function for (j) satisfying (IA.3h with xq = xn. 

Choose i? > 0 small enough that 


Vi{x) < C\x — for \x — xiil < R, f = 1, 2. 

By the exponential decay of Q{x), we have 

f Vi{x)(t?{x)dx < [ \x\^^^Q‘^{x)dx < as t ^ oo , i = 1,2. 

This inequality and (IA.5I) then imply that 

A^ai,a2(</>» < + C(r“P“ 


Setting r = \^a* — and using pQ = pn < p 2 i, we derive that 

6(01,02) < Eai,a2i4>,4>) < C(^a* - Po+2 

which therefore gives the upper bound of (15.Sp . 

By Lemma EH for i = 1, 2, we have 


□ 


eM<Eliua,)<C{a*- 


oi + 02 \ 


(5.6) 

as ( 01 , 02 ) ^ (o*,o*), where ej(-) is dehned by (II.7p . On the other hand, it is proved in 
m Lemma 3] that for 

Pi := max{pij,j = 1,... ,ni} > 0 , i = l,2, (5.7) 

there exists two positive constants m and M, independent of oi and 02 , such that 

m{a* — Oj)Pi+^ < ei(oj) < M(o* — ai)Pi+^ for 0 < o, < o* , and i = 1, 2. (5.8) 

Applying (15.8p and Lemma l5.II we next derive the following L^(]R^)—estimates of mini- 
mizers. 

Lemma 5.2. Under the assumptions of Proposition HOI we have 

1 I 2 

J- / * ai + a2 \ Po+2 

cr — 


I V 2 PQ 

0-1 “h O 2 \ PO+2 Pi 


* ai + 02 y 

C[a - —) 


< / lUa. l dx < 




and 


k^Wail^dx ^ 

(ai,a2)/'{a*,a*) J^2 \Ua2\^dx 

where pi > po, and pi > 0 is given by for i = 1 and 2. 


as (oi, 02 ) ^ (a*,a*), (5.9) 

(5.10) 
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Proof. We first prove the lower bound of ()5.9p . Pick any 0 < b < ai < a* {i = 1, 2) 
and observe that 


ei{b) < + 


Qi-b 


\ 


^dx, i = 1, 2. 


It then follows from (|5.6p and (|5.8I) that 


1 

2 


u, 


ai 


^dx > 


ei{b)-C{a* - “i^)po+2 


> 


m 


Ui-b 

Pi ^ ^ 

{a* -b)E+^ - C{a* - ^ 


PQ 


ai - b 


(5.11) 


, ^ Pn(P^,+2) 

Take b = at — C'i(a* — ^i +°2 ^ p^(po+ 2 ) ^ ■v^rhere Ci > 0 is so large that ™ > 2C. 

We then derive from (jB.lip that 

f luail'^dx > C2{a* _ t = 1, 2, (5.12) 

iR2 2 

which therefore implies the lower bound of (15.9p . 

We next prove the upper bound of (j5.9l) . One can note from (j5.6p that for z = 1, 2, 


pq 

Eaiiuai) <c(^a* - + '^ 2 ^po +2 as ( 01 , 02 ) Z'(a*,a*). (5.13) 

Without loss of generality, we may assume that oi < 02 < a* and ( 01 , 02 ) / (o*,o*). 
By (jl.lOl) . we then have 


^aiKi) > 


O — Ol 


U„ 


^dx > -r ( o* — 


Ol + 02 


'^ai 


^dx. 


It thus follows from ()5.13p that the upper bound of (15.911 holds for Ua^. Similarly, the 
upper bound of (15.9p holds also for Ua2 if (|5.10p is true, and then the proof is done. 
Now we come to prove ()5.10p . Recall from Lemma l5.II that 

[ (l^aiP - lua^l'^^dx < c(a* Po+2 g^g (oi , 02) Z'(o*, o*) , 

which implies that 



< 





1 

2 




1 

2 


< C 


a — 


Ol + 02 


PQ 

2(P0+2) 


\Un 





(5.14) 


as ( 01 , 02 ) ^ {a*, a*). Since it follows from (|5.12p that J ^2 l^aj^dx —>■ oo as ( 01 , 02 ) 
(o*,o*), where z = 1, 2, we conclude (|5.10p from the above estimate. 
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We next claim that the upper estimates of ()5.5I) and (|5.9I) are optimal. By Lemma 
EH we see that 

/ Vi{x)\uai{x)\‘^dx < 6 ( 01 , 02 ) < C{a* as (oi, 02 ) Z'(a*,a*). 

2 

(5.15) 


Set 


,- 2 , 


(01,02):= / \uai{x)\‘^dx, where 6(01,02) > 0 . ( 5 . 16 ) 

OR2 

It then yields from (j5.9p that 6 ( 01 , 02 ) \ 0 as ( 01 , 02 ) (o*,o*). Moreover, we deduce 

from (15.51) and (j5.in[) that for z = 1, 2, 

/ luail'^dx, iVoaJ^dx ~ 6“^(ai,a2) as (oi,02)/'(o*,o*), ( 5 - 17 ) 

JR 2 JR 2 

where f ^ g means that f /g is bounded from below and above. In view of above facts, 
we next define the L^(M^)-normalized function 

Waiix) := 6(01,02)uai (6(01,02)x), i = 1 , 2 . ( 5 . 18 ) 

It then follows from (|5.10p . (|5.16p and (j5.17l) that for i = 1, 2, 

I \wa-\^dx = l and m< [ \Vwa-\‘^dx < — as (01,02) /^(a*,a*), ( 5 . 19 ) 

JR 2 JR 2 m 

where m > 0 is independent of oi and 02. In the rest part of this section, for convenience 
we use 6 > 0 to denote 6(01,02) so that 6 \ 0 as (01,02) ^ (o*,o*). 

Lemma 5 . 3 . Under the assumptions of Provosition IXil we have 

(i). There exist a sequence {ye} as well as positive constants Rq and gt such that for 
i = 1 , 2 , the funetion 

Wai (x) = Wai (x + y^) = cUai {cx + 6y,) (5.20) 

satisfies 


lim inf 

e ->0 


Brq ( 0 ) 


\wai\‘^dx >gi>0. 


(ii). The following estimate holds 


lim dist(6y(;. A) = 0, 

{ai,a2)/'{a* ,a*) 


(5.21) 


(5.22) 


where A = {x G : Vfix) = V2{x) = O} is given by il.lM . Moreover, for 
any sequenee {(oiA;,02fc)} satisfying {aik,a2k) Z' (o*)®*) as k ^ oo, there exists a 
convergent subsequence o/{(oi^, a2fc)}, still denoted by {(oifc,a2fc)}, such that 

(-kVek ^ xo £ A and A Wo strongly in i = 1 , 2, (5.23) 

where wq satisfies 

'>^o{x) = “ yo\) for some yo £ and A > 0. 

WQh 
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Proof, (i). In order to establish (|5.21l) . in view of (I5.20p it suffices to prove that there 
exist Rq > 0 and rji > 0 such that 

liminf / \wafdx>r]i>0, where z = 1, 2. (5.25) 

We first show that (|5.25l) holds for Wa^- Indeed, if it is false, then for any R > 0, there 
exists a subsequence where (aifc,a 2 A;) ^ (o*,a*) as k ^ oo, such that 


lim sup / 

JBRiy) 


\Wa^^^\^dx = 0 . 


By Lemma I.l in [26], we then deduce that zhaifc —> 0 in for any 2 < p < oo, which 

contradicts (|5.19D . Thus Wai satisfies (15.251) for a sequence {z/e}, Rq > 0 and rji > 0. 

We next show that for the sequence {y^}, Rq > 0 and > 0 obtained above, (I5.25P 
holds also for Wa 2 with some constant r ]2 > 0- On the contrary, if (|5.25p is false for Wa 2 , 
then there exists a subsequence {wa 2 ^}, where ( 01 ^, 02 ^) (a*,a*) as fc —>■ 00 , such that 


lim sup 

k—^oo 


L 


Wa2J‘^dx = 0 , 


Brq {y€f .) 


where := e{aik,a 2 k) > 0 is defined by (15.161) . Since Wai is bounded uniformly in 
n for all 2 < 7 < 00 , we may choose 7 > 4 and 6 G (0,1) such that 

I = + |. It then follows from the Holder inequality that 


w, 


'BRg {y^J 


aik\ I'^0.2^1 dx < 


Wa^^\^dx 


'Br^ 


< c 

< C 


Brci iy^h .) 


\Wa2kVdx 


Brq (y^k) 
2(1-6) 


\Wa2k\*dx 


'BRg {ye^) 


\Wa2k\ dx 


Brq {y^k^ 


0 as /c —>■ 00 . 


\Wa2k\‘^dx 


By applying the estimate (|5.25p for , we use again the Holder inequality to derive 
from the above that, for k large. 


'Brq {y^^) 


i\Wa 


l^fdx > - [ 


Bro (y^k ) 


IWa^J'^dx 


> 


1 


2ttR‘^ 


w, 


-0 \JBR^{y^^) 


^Ik I 


dx I > 


di 


2-kRI' 


a contradiction, since Lemma 15.11 implies that 


/ 


\'^a^k - l^“ 2 fel 


^Ydx = el - \ua 2 k\‘^)‘^dx ^ 0 as k^oo. 

Therefore, (15.251) holds also for Wa 2 with some constant r /2 > 0, and part (i) is proved. 
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(ii). We first prove ()5.22p . By (|5.15p we note that 


[ Vi{x)\uaiix)\‘^dx = '^ [ Viiex + eye)\waiix)\‘^dx ^ 0 (5.26) 

as (ai, 02 ) ^ (a*, a*). On the contrary, suppose (I5.22P is incorrect, then there exist (i > 0 
and a subsequence {(ai„, 02 ^)}, which satisfies (ai„, a 2 n) (o*, a*) as n — 00 , such that 

e„ := e{ain,a 2 n) —^ 0 and dist(e„ye^, A) > <5 > 0 as n — 00 . 

This implies that there exists C = C{6) >0 such that 

lim ViienVeJ + V2{enyeJ > C{5) > 0. 

n^oo 

Hence, by Fatou’s Lemma and p5.2ip we obtain that 


lim / Vi{enX + enyej\wai„ix)\'^dx 

lim mi Vi{€nX + enyen)\wai„ix)\‘^dx > C{5) mm{r]i,r] 2 }, 

n —i.rv-1 


2=1 


i=i 


(5.27) 


which however contradicts (I5.26p . Therefore, (15.221) holds. 

We prove now (I5.23P and (I5.24p . Since (rta^, Ua 2 ) is a non-negative minimizer of (15.21) , 
it satisfies the Euler-Lagrange system 

\-AUai + Vi{x)Uai = + aWai “ ^(“ai “ ™ ’ 

[-AUaj + V2{x)Ua2 = + a2ul^ - /3{ul^ - in 

where {fiai,ya 2 ) is a suitable Lagrange multiplier, and 

fj'ai = KiiUai) - ^ [ |UaJ^dx-/3 / {-if {ul^ - ul^)ul.dx, 1 = 1,2. 

2 Jr2 Jr2 

It then follows from Lemma [5Tl (|5.ip . (I5.10p and (|5.17l) that for z = 1, 2, 

~/ \uai\*dx - -e“^ and yai/d-a 2 ^'^ as (oi, 02 ) Z'(a*,a*). (5.28) 

2 Jr2 

Note also from (I5.2np that Wai (x) defined in (I5.20p satisfies the elliptic system 

j-Awai + e^Viiex + ey^)wai = e^fia^Wai + aiw^^ - /3(w^^ - io^^)wai in , 

[-ArCaj + €^V2{€X + eye)Wa2 = + a2wl2 ~ /^(^az “ ^ai)^a2 “ 

(5.29) 

where the Lagrange multiplier {yai , I^az) satisfies (15.281) . 

For any given sequence {(aifc,a 2 A:)} with ( 01 ^, 02 ^) {a*, a*) as k ^ 00 , we deduce 

from p5.22p and p5.28p that there exists a subsequence of {(uifc,a 2 A:)}) still denoted by 
{(aifc,a 2 fc)}, such that 


^kUeir 


xo G A, ikfJ^aik < 0 for some A > 0, 


(5.30) 
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and 


Wa^^. Wi > 0 weakly in for some wt G i = 1, 2. 

Since ()5.5p implies that 

\\wli - wlj 2 = e\\ul^ - ulj \2 ^ 0 as (oi, 02 ) / (a*, a*), (5.31) 

we have wi = W 2 > 0 a.e. in We thus write 0 < wq := wi = W 2 ^ Passing 

to the weak limit in (j5.29p . we deduce from (I5.30p and ()5.31l) that wq satisfies 

— Awo{x) = —X‘^wq{x) + a*WQ{x) in (5.32) 

Furthermore, it follows from (|5.2ip and the strong maximum principle that wq > 0. 
By a simple rescaling, the uniqueness (up to translations) of positive solutions for the 
equation (|1.9D implies that 


Note that ||rco ||2 


■^ 0 ( 2 :) = 7 T 7 ^Q(A|x - yo\) for some yo E M^. 

Il^lb 

1, by the norm preservation we further conclude that 
Wai^ A Wo strongly in L^(M^). 


(5.33) 


Moreover, this strong convergence holds also for all p > 2, since {wa^/^} is bounded in 
Then, note that and wo satisfy (I5.29p and (15.321) . respectively, a simple 
analysis shows that 


Waik Wo strongly in F^(R^), i = 1, 2. 

Therefore, ()5.23l) and ()5.24l) are established. □ 

Applying above lemmas, we finally prove Proposition 15.11 on the optimal estimates 
of 6 ( 01 , 02 ). 

Proof of Proposition [STT]. For any sequence {( 01 ^, 02 ^)} satisfying (oifc, 02 fc) (o*, o*) 

as k ^ 00 , it follows from Lemma 15.31 (ii) that there exists a convergent subsequence, 

still denoted by {(oifc, 02 ^)}, such that (j5.23p holds and eky^f. ^ xq G A. Without loss 
of generality, we may assume xq = xij^ for some 1 < jo < We first claim that 

limsup ^ (5.34) 

k^oo 
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Actually, by ()5.23p and (|5.24p . we have for some Rq > 0, 

e{aik,a 2 k) , 02 ^ ) 


> 


Z 

E{; 


.f 2 L 

i=l ^ 


Qj Q^iJ^ 


\VWai,ix)\‘^dx- 


■ / \WaikixW 

JR 2 


dx 




> 


- [ \waikix)\‘^dx + [ Vi{ekX + ekyei,)\wa,^{x)\‘^dx\ 
jr 2 Jr 2 J 

^{a_£^ r f Vi{ekX + ekye^)\wa,^{x)\‘^dx\ 

/ 

i=l 


2a* — oifc — a 2 fe 
- 9 -h O 2 


efc?/ej. S^ljo 


U)a,j,(x)| dx. 
(5.35) 


Suppose now that there exists a subsequence such that ^ qq ^ qq_ gy 

using Fatou’s Lemma, we then deduce from p5.35l) and p5.21l) that for any M > 0, 

a,,) > + C,m4« > CM^ (a* - ^IL^) ^ 

V 2 / 

1 pq 

> (a* - 

where po = iiiaxi<j<;pj and pj^ = min{pijQ, p 2 jo} > ^ are given by (11.2011 . This estimate 
however contradicts the upper bound of (15.5p . and the claim p5.34p is thus established. 

We now deduce from (I5.34p that there exists a subsequence of {cfc}, still denoted by 
{cfc}, such that 

~ ^ yi as A: ^ 00 

efc 

holds for some yi G M^. By applying (|5.35ll . then there exists a constant Ci > 0, 
independent of aik and a 2 k, such that 

I PJO 

e(aifc, a 2 fe) > Ci (^a* - as (aifc, 02 ^) Z' (a*, a*). 

Since pj^ < po, applying the upper bound of (15.5F we conclude from the above estimate 
that pj^ = Po and (|5.3p holds for the above subsequence {{aik, ci 2 k)}- 

We next prove that (15.4p holds for the above subsequence {( 01 ^, 02 ^)}. Suppose that 

either >> or 0 < << — ^ Po +2 /j 

it then follows from p5.35p that e{aik,CL 2 k) » fo* — SXk±S 2 kyo+'^ as A: —)> 00 , which 
however contradicts (15.3p . This completes the proof of p5.4h . 

Since the above argument shows that Proposition [5T] holds for any given subsequence 
{(aifc, a 2 fe)} with {aik, 0 , 2 k) {a*, a*), an approach similar to that of [TB] then gives that 

Proposition 15.11 holds essentially for the whole sequence {( 01 , 02 )} satisfying ( 01 , 02 ) 
(a*,a*). □ 
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6 Proof of Theorem 11.5 


This section is devoted to the proof of Theorem 11.51 on the mass concentration of min- 
imizers. Using the notations as in (I5.1I) - ()5.2I1 . in order to prove Theorem 11.51 on the 
minimizers of () 1 . 2 p as {bi + I3,b2 + f3) {a*, a*), it suffices to establish the following 

theorem on the minimizers of (|5.2I) as ( 01 , 02 ) (o*,o*). 

Theorem 6.1. Assume that 0 < (3 < a* and Vi{x) satisfies (|j.IT] ) and m.l8\) for i = 1 
and 2. For any sequence {( 01 ^, 02 ^)} satisfying ( 01 ^, 02 ^) ^ {a*, a*) as k ^ 00 , and let 
{uaik,Ua 2 k) be the corresponding non-negative minimizer of 15.^11 . Then there exists a 
subsequence 0 /{(oi^, 02 A;)}, still denoted by {(oifc, 02 fc)}, such that each Uai^. (i = 1, 2) 
has a unique global maximum point Xik satisfying 

Xik — > xq ^ Z and -—j- > 0 as k ^ oo. (6.1) 

_ aifc+Q2fc ^ pq+2 

Moreover, for i = 1 and 2, 

strongly in H^(E?), where A > 0 is given by 

X=(^^j \x\P°Q^{x)dx'^^, ( 6 . 2 ) 

Po > 0 and 7 > 0 are defined in il.2(j\} - il.2d\} . 

Let {uai,Ua 2 ) be a non-negative minimizer of (15.21) . where ( 01 , 02 ) ^ {a*,a*). Define 

e ;= (o* - ^ 1 :^) > 0. (6.3) 

It then follows from (|5.4I) and (|5.5p that, as ( 01 , 02 ) (o*,o*), 


IIQII 


-Q(Ax) 


Vi{x)\uai{x)\'^dx < e(oi,02) < C{a* - ( 6 . 4 ) 


and 


\VUaiix)\‘^dx 


~ e 


-2 


/ 

JR- 


\Uaiix)\'^dx 


~ e 


-2 


(6.5) 


where i = 1, 2. Similar to (I5.2ip . we know that there exist a sequence {pe} as well as 
positive constants Rq and rji such that 


liminf / \u}a \‘^dx > pi > 0, i = 1 , 2 , ( 6 . 6 ) 

where Wai is the L^(M^)-normalized function defined by 

Wafix) = euafiex + eye), i = 1, 2. (6.7) 
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Note from (|6.5p that 

M<[ \Vwafdx<^, M<[ \waifdx<^, i = l,2, (6.8) 

Jr2 M Jr2 m 

where the positive constant M is independent of ai and 02 - 

Proof of Theorem 16.11 Let := (a* — ^iiLi^)po +2 > Q, where {aik,a 2 k) /' {o-*,a*) 
as k ^ 00 , and denote {uik{x), U 2 k{x)) '■= {ua^i^{x),Ua 2 ^{x)) a non-negative minimizer of 
(15.2p . Inspired by [141 [37] , we shall complete the proof of Theorem 16.11 by the following 
three steps. 


Step 1: Decay estimate for {uik{x),U 2 kix))- Let Wik{x) := Waij.{x) > 0 be defined by 
(16.7p . By a similar analysis to the proof of Lemma I5.3l iil , we know that there exists a 
subsequence of {sk}, still denoted by {sk}, such that 


Zk ■= SkUsk Xo for some xq E A, 
where the set A is defined by (11.191) . and Wik (f = 1, 2) satisfies 

-Awik + elVi{£kX -I- Zk)wik = eli^ikWik + aikwl^, - ^{wl^ - wl^fjwik in 
-Aw2k + £lV2{£kX -I- Zk)w2k = £lk'2kW2k + a2kwlk - - wljf)w2k in 

where {fJ-ik, tJ^ 2 k) is a suitable Lagrange multiplier satisfying 

t^ik ~ and Hik/ti 2 k -^1 as ( 01 ^, 02 ^) Z' {a*, a*), i = I, 2. 

Moreover, Wik A- wq strongly in for some tco > 0 satisfying 

— Awo{x) = —X^woix) + a*WQ{x) in 
where A > 0 is a constant. Similar to (15.331) . we know that 


woix) = 


A 


IIQII: 


-Q(A|x - 7/0I) for some yo G 


By the exponential decay of Q, then for any a > 2, 

\wik\°‘dx —0 as i? —)• 00 uniformly for large k, where f = 1, 2. 


L 




(6.9) 


( 6 . 10 ) 


( 6 . 11 ) 


( 6 . 12 ) 


(6.13) 


Recall from (16.101) that —Awik{x) < Ci{x)wik{x) in where Ci{x) = ajfcrc|^-|-(—l)*/3(rc^^ — 


in 


for f = 1, 2. By applying De Giorgi-Nash-Moser theory, we thus have 


may. Wik < C 

Bi{i) 


B2{i) 


\wikf^dx]°‘, f = 1, 2, 


where ^ is an arbitrary point in R^, and C > 0 is a constant depending only on the 
bound of \\wik\\L‘^(B2{0) \\'’^ 2 k\\L‘^{B 2 {^))- Hence (I6.13P implies that 


Wik{x) —)■ 0 as |x| ^ 00 uniformly for k, i = 1, 2. 


(6.14) 
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Since Wik (^ = 1, 2) satisfies ()6.10p . apply the comparison principle as in [21] to compare 
Wik with (A > 0 is obtained in (jG.lip i. which then shows that there exist a 

constant C > 0 and a large constant R > 0, independent of k, such that 

Wik{x) < for |x| > i? as /c —>■ oo, i = 1, 2. (6.15) 


Step 2: The detailed concentration behavior. For the convergent subsequence {wik{x)} 
obtained in Step 1, let Zik be any local maximum point of Uik{x), (f = 1, 2). We claim 
that there is a sequence {k}, passing to a subsequence if necessary, such that 

lim ~ =0. (6.16) 

fc^oo S}^ 

For showing (|6.16p . we first prove that 

limsup-^^^^^—^ < oo, z = 1, 2, (6-17) 

k—^oo 


where Zk = SkUekXo G A as A: —)• oo. Indeed, if (I6.17h is false, i.e., A oo holds 

for z = 1 or 2. Without loss of generality, we assume that A oo. It follows from 

(16.71) and (I6.15P that 

Uik{zik) =—Wiki— — —)=o{—) as k^oo, z = 1, 2. 

£k ^ Ek ^ 

This however leads to a contradiction, since (I5.27D implies that 

®lfc^lfc(^lfc) t^i^lki^ik) ^2fc('^lfc)) — hlk — ' 

Therefore, (|6.17p is true. 

By (I6.17p . there exists a sequence {k} such that 


lim — - — = m for some z/i € , z = 1, 2. 

fc^oo 8]^ 


Set 

Wikix) := Wik{x + ———) = SkUik{ekX + Zik), z = 1, 2. (6.18) 

Ek 

By Step 1, Wik wq strongly in 77^(M^) as k ^ oo, and wo > 0 satisfying (I6.12p . then 


lim Wik(x) =wo(x + Vi) 

k^oo 


Q(A|x + yi- z/ol) strongly in ^^(M^), z = 1, 2. 

WQh 


Since the origin (0,0) is a critical point of Wik for all A: > 0 (z = 1, 2), it is also a critical 
point of woix + yi). On the other hand, Q(A|x — zo\) possesses zq as its unique critical 
(maximum) point. We therefore conclude that wo{x + yi) = j^^Qi^\x + yi — 2/ol) is 
spherically symmetric about the origin. Hence, yi = yo, and 


lim Wikix) 

/c—>-oo 


IIQII: 


-Q(A|x|) 


Wo strongly in i7^(R^), z = 1, 2. 


(6.19) 
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The estimate ()6.16p is followed by (j6.18l) and (j6.19l) . 

Similar to the discussion of proving (|6.17p . we know that each local maximum point 
of Wik{x) {i = 1, 2), which is also a local maximum point of Uik{x), must stay in a finite 
ball in Since Vi{x) G we can deduce from (|6.10l) and standard elliptic 

regular theory that 

Wik{x) 4- wo{x) in i = I, 2. 

Moreover, by (|6.18l) and (I6.16p . we can further obtain that 

Wikix) A h)o(x) in i = 1, 2. 

Because the origin (0,0) is the only non-degenerate critical point of wq{x), all local max¬ 
imum points of Wik{x) must approach the origin and stay in a small ball ^^(O) as A: —)• oo, 
where e > 0 is small. It then follows from Lemma 4.2 in |30j that for large k, Wik{x) 
has no critical points other than the origin. This gives the uniqueness of local maximum 
points for Wik{x) and Uik{x) (i = 1, 2). 


Step 3: Completion of the proof. Let 


7j(x) 


V,{x) + V2{x) 
\x — Xlj\P^ ’ 




( 6 . 20 ) 


where pj > 0 is defined by (|1.20l) . so that the limit lima;-).^;^^. 7 j(x) = Jjixij) exists for 
all i € {1, • • • , /} in view of the assumptions on Vi and I^. Moreover, one can note that 
'fjixij) = 7 j > 7 if xij G A, where jj and A are defined by (11.2211 and ()1.2ip . respectively. 
We hence obtain from (I6.18p that 


e{aik,a 2 k) — , 02 * ; 




x)\‘^dx -/ \wik{x)\^dx 


+ 


d dii- 




2 = 1 


/ \wik{x)\^dx+ Vi{£kX + Zik)\wik{x)\'^dx\ 

JR2 Jk2 J 

/ \wik{x)fdx + / Vi{£kX + Zik)\wik{x)\'^dx 

4r2 Jr2 


( 6 . 21 ) 


d dij^ 


_ _ k 

where Zik is the unique global maximum point of Uik, and Zik —>■ xq G A, f = 1, 2. We 

may assume that xq = xij^ for some 1 < jo < 

We first claim that 


\Zik ^Ijol 


£k 


is uniformly bounded as A: —)• 00 , where z = 1, 2. 


( 6 . 22 ) 


Otherwise, if (16.221) is false for z = 1 or 2. It then follows from (16.1611 that both of them 
are unbounded, and hence there exists a subsequence of {( 01 ^, 02 *;)}, still denoted by 
{(aiA:, 02 fc)}, such that 

\^ik 

lim - — = 00 , 

fc—>00 £k 


z = 1, 2. 
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We then derive from Fatou’s Lemma that for any M > 0 large enough, 


lim infe.^'°y^ / Vi{ekX + Zik)\wik{x)\‘^dx 

■' _ ^ /irun 


k^oo 


i=l 


lim inf > 


Vi{£kX + Zik) 


fc—>-oo 
2 

sE 

i=l • 


i=l 


lim inf 


\ekx + Zik - xijol^^o 
Vi{£kX + Zik) 


X + 


^ik 


Pio 


fc^-oo V |efcx + Zik - xijo 


X + 


£k 
^ik 


\wikix)\‘^dx 




^^°\wik{x)\Adx > M. 


This estimate and (j6.21l) imply that 

e{aik,a 2 k) > = M(a* - + ^ 3 ) 

holds for arbitrary constant M > 0, which however contradicts Proposition 15.11 due to 
the fact that pj^ < po- Therefore, (I6.22h is proved. 

We next show that pj^ = po, i.e., G A, where the set A is defined by (jl.21l) . By 
(j 6 . 22 j) . we know that there exists a subsequence of {{aik,a 2 k)} such that 

lim ——= zo for some zq G z = 1, 2. (6.24) 

k^oo S]^ 

Since Q is a radially decreasing function and decays exponentially as |x| ^ 00 , we then 
deduce from (j6.19p that 


lim inf e. / Vi{ekX + Zik)\wik{x)\'^dx 

k—^oo 


2=1 


lim inf > 
k—^oo 


Vi{ekX + Zik) 


2=1 


\£kX + Zik -Xljopo 


X + 


^ik XiJq 


£k 


Pjo, _ 


\wik{x)\ dx 


(6.25) 


> 


^joixijo) [ \x + zo\Piowldx> [ \x\^^°Q^dx, 

Jr2 A^-'o||g||2 


where the equality holds if and only if zq = (0,0). We hence obtain from ()6.2ip and 
(I6.25P that pjQ = Po, otherwise we get that ()6.23p holds with M being replaced by some 
C > 0, which however contradicts Proposition 15.11 

By the fact pi„ = po, we now have XTi„ G A and 7 iv,(xii„) = 7 ,v,. It then follows from 
n . IKm and as well as (fTTB that 


lim inf > Urcoll! + Ijo f \x + zof°wldx 

c^oo 

+ \x\^°Q‘^dx), (6.26) 

a V APo JiR2 / 


and“=” holds in the last inequality if and only if zq = (0,0). The estimate (16.11) then 
follows from (j6.24p and this conclusion. Further, taking the infimum of (j6.26p over A > 0 
yields that 


lim inf 
k^oo 


e{aik,a2k) 


-PO 


2po + 4 / po7io Jr 2 \x\PoQ‘^dx 
Poa* V 4 


2 

PO +2 


(6.27) 
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where the equality is achieved at 


A = Ao := 


Poljo /r 


■ \PO 


Q'^dx\^ 


We finally remark that the limit of (|6.27p actually exists and is equal to the right 
hand side of (I6.27p . To see this fact, we simply take 


Ul(x) = U2{x) 


a / a\x — xij^ 


with xij^ G Z 


as a trial function for Eaik,a, 2 ki '^') minimizes it over a > 0 , which then leads to the 
limit 


lim inf 
k^oo 


e{aik, a2k) 


^PO 


2po + 4 / Po7 Jr 2 \x\P°Q^dx 
Poa* V 4 


2 

PO+2 


(6.28) 


Since 7 = min { 71 ,..., 7 ;}, it follows from (|6.27p and (I6.28P that 7 = 7 jp, i.e., xij^ € Z, 
and further (I6.27P is indeed an equality. This yields that A is unique, which is inde¬ 
pendent of the choice of the subsequence, and minimizes (I6.26h . i.e., A = Aq. Moreover, 
when (j6.27p becomes an equality, which implies that (I6.26P is also an equality. Thus, 
zq = (0,0), which together with (I6.24p give (jO.ip . □ 


A Appendix: Some Proofs 


In this appendix we shall establish the following lemma and provide a different proof of 
Theorem 11.11 


Lemma A.l. Suppose that positive constants bi, 62 and j5 satisfy 0 < 61 < 62 < a* and 
0 < 62 < 2/3 + 61 . Define 

t'^ +1 

l(t) =-r - T-, tG[ 0 ,oo). 

Then we have 

Kt)>l{l) = ^ tG(l,oo). 

2 ^ P ' 2 

Proof. Direct calculation shows that 


(/3 — ^)t^ + h\t -\- ^ 


(A.1) 


Let 

m-W = {P- y+ y, i G [ 0 ,00). 

If /3 > ^, then m'{t) = 2(/3 — ^)t + bi > 0. This implies that l'{t) > 0 for t G [0, 00 ), 
and we are done. 
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We now suppose that /3 < ^. In this case, we have 

m{t) > 0 if tG( 0 ,t); m{t) < 0 if tG(t,oo), 

where 

- _ 6 i + ■\/bi{bi + 62 ~ 2/3) ^ 

in view of the assumption that 62 < 2/3+ 61 . Thus, l{t) is strictly increasing in (l,t ] and 
strictly decreasing in (t,oo). Since 62 < 2/3 + 61 , we thus conclude that for any to > Ij 

2 2 

Z(to) > lini l(t) = — > /(I) = T-r-. 


and the proof is therefore complete. □ 

Inspired by [13] , in the following we reprove Theorem 11.11 by using the Gagliardo- 
Nirenberg inequality (ll.lOp and some recaling techniques. For the reader’s convenience, 
we restate Theorem o as the following lemma. 

Lemma A.2. Let Q be the unique positive radial solution of and suppose Vi{x) 

satisfies for i = 1, 2. Then, 


(i) // 0 < 61 < a*, 0 < 62 < CL* and 0 < /3 < a/ (a* — bi){a* — 62), then there exists at 
least one minimizer for II.g|) . 

(ii) If either bi > a* or 62 > a* or fi > ° ° , then there is no minimizer for 

UM- 

Proof, (i) : We first note from the Gagliardo-Nirenberg inequality (| 1 . 10 l) that for any 
(ui,U2) £ satisfying ||rii||| = ||m2||| = 1, 


Ebi,b2,/3{ui,U2) > ^ 


2=1 


a* - bi 


/ 


+ Vi{x)\ui\'"‘ dx —/3 I \ui\‘^\u 2 \‘^dx. (A. 2 ) 


Since Vi{x) > 0 and 0 < /3 < ^(a* — bi){a* — 62 ), one can deduce that e(bi,b 2 ,fi) > 0 
for all 0 < < a* := ||(5||| (i = 1, 2). Let {(win,^ 2 n)} C A4 be a minimizing sequence 

of problem (II.2p satisfying 

\\uin\\l = \\u2n\\l = 1 and lim Eb 1 , 2 ,i3{uin,U2n) = e{bi,b2,f3). 

n^oo 

Taking 6 G i a*-b 2 ’ then follows from (|A.2p and Young’s inequality that 

* 7 

'a -bi 


Kbi,b2,fi) + 1 > X] 


Uin\ +yiix)\Uin\ )dx - fi / \uin\ \u2n\ dx 


> 


2=1 

[a*-bi fi5\ f | 4 j , /o *-62 /3^ /■ I i 4 j 

{— — t) L - 2s) L i““i 


This implies that {(rtinj "^ 2 ^)} is bounded in L^(]R^) x uniformly w.r.t. n, and it 

is then easy to deduce that {{uin,U 2 n)} is bounded uniformly in A. Therefore, by the 
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compactness of Lemma [2m there exist a subsequence of {{uin,U 2 n)} and {ui,U 2 ) G 
such that 

{uin, U2n) ^ iui,U2) Weakly in df, 

{uin,U2n) A {ui,U2) Strongly in L^(]R^) x 


where 2 < q < oo. We therefore have ||ui ||2 = 11^*2112 = 1 and Ei,^^i,^^p{ui,U 2 ) = 
e{bi,b 2 , /3). This proves the existence of minimizers for the case where 0 < 6 i < a*, 
0 < 62 < o* and 0 < (3 < a/( a* — &i)(o* — & 2 )- 

(a) : Let (p{x) G be a nonnegative smooth cutoff function such that ^{x) = 1 

if |a:| < 1 and (p{x) = 0 if |x| > 2. For any xq G r > 0 and R > 0, set 


(j){x) = ARrj^^ C ^o\), (A.3) 

where Ar^ > 0 is chosen such that Jjjj 2 (f^^dx = 1. By scaling, Art depends only on the 
product Rt. In fact, using the exponential decay of Q in (I1.12h . we have 


Here we use the notation f{t) = 0{t °°) for a function / satisfying limt_>.oo |/(t)|t* = 0 
for all s > 0. By the exponential decay of Q{x) and the equality (ll.lljl . we have 


f - I / = isw / Q^dx + OURT)---) 

iK2 2 Jr 2 ||g||2 Jr2 ^Qh JR2 


IIQIIi 

= (l- 


IIQII^ 


(A.5) 


r^ + 0((i?r) °°) as Rt ^ 00 . 


On the other hand, since the function x Vi(x)(p‘^{ ^ ) is bounded and has compact 

support, we obtain that 


lim [ Vi{x)(l?{x)dx = Vi{xo) (A. 6 ) 

yR 2 

holds for almost every xq G M^, where z = 1, 2. 

Suppose that bi > a*. Choosing r/(x) G such that Jg 2 rf‘{x)dx = 1, we then 

derive that 

/ (prfdx < sup rf{x) / 4>^dx = sup rf‘{x) < 00 , 

Jm? x£B? Jm? x&H? 

where (/) > 0 is as in (jA.3p . Together with (|A.5I) and (|A. 6 p , this estimate then yields that 

Ebub,A<i>^r^) < [ Adx + C<^^-^T^ + C, 

JR2 2 O 

which implies that 

e( 6 i,f> 2 ,/ 3 ) < lim E^ h 2 A^^d) = - 00 . 

r—>-oo 

Similarly, this estimate is still true if 62 > cl*. Therefore, e( 6 i, 62 ,/ 3 ) does not admit any 
minimizer. 
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Finally, if /3 > ° ^ deduce from (lA.Sp and (IA.6I) that 


e( 6 i, 62 ,/ 3 ) < lim = - 00 , 

r^oo 

which also implies the non-existence of minimizers. This completes the proof of Lemma 

roi □ 
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